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How to use these notes. These notes follow the course Financial Products and Introduction to Pricing,
whose lecture notes are referred to as [FP]; the results recalled from [FP] are flagged as such. Notations follow
[2] as much as possible. Exercises are gathered at the end of each section and their solutions at the end of the
document.

Unless otherwise specified, time is measured in years and rates are expressed per annum. Zero-coupon rates
are continuously compounded, money-market and forward (LIBOR-type) rates are simply compounded. A swap
or a swaption is called payer (resp. receiver) when its holder pays (resp. receives) the fixed rate. The main
notations are summarised in Table [1l

Symbol Meaning

r(t) instantaneous short rate

B(t) = exp (fot r(s) ds) bank (money-market) account

D(t,T) = B(t)/B(T) stochastic discount factor between ¢ and T

P(t,T) price at ¢ of the zero-coupon bond paying 1 at T, P(T,T) =1
7(t,T) year fraction between ¢ and T (day-count convention)

R(t,T) continuously compounded zero-coupon rate, P(t,T) = ¢~ BT (T)
L(t,T) simply compounded (money-market) rate, P(t,T) = (1 + (¢, T)L(t,T)) "
F(t;T,S) simply compounded forward rate between T and S, seen from ¢
@, T) instantaneous forward rate

T={Ta,..., T8}, 7 schedule of dates, 7, = 7(T;-1,T})

Fip(t) = F(t; Th—1,Tx) k-th forward rate of the schedule

Cap(t) = Zf:aH 7:P(t,T;) annuity of the schedule

Sa,s(t) forward swap rate

Q, QT, Q~*? risk-neutral, T-forward and swap measures

E, ET, E*A corresponding expectations

Fi information available at date ¢ (filtration)

N(-), n(") cumulative distribution and density of the standard normal law
BI(F, K, v) Black’s formula, FN(dy) — KN (da), di» = 2/ K)E?/2

Table 1: Main notations
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1 Products and notations

This section introduces the interest rate products studied in the course and fixes the notations. The first two
subsections recall material from [FP]; swaps, caps and swaptions are new.

1.1 Zero-coupon bonds and interest rates (recall from [FP])

A zero-coupon bond of maturity 7' pays one unit of currency at date 7" and nothing before. Its price at
date t < T is denoted P(¢,T), with P(T,T) = 1. A deterministic stream of cash flows ¢; paid at dates T; is
a portfolio of zero-coupon bonds and is worth ). ¢;P(t,T;): the discount curve 7' +— P(¢,T) summarises all
the information on interest rates available at date t.

Interest rates are only conventions to express P(¢,T). They involve a year fraction 7(¢,T) computed with
a day-count convention: act/360 for EUR and USD money-market rates, act/365 for GBP and for continuously
compounded rates, 30/360 for the fixed leg of EUR swaps. For instance, from January 1 to July 1, 2027 (181
days), 7 = 181/360 = 0.5028 in act/360 and 7 = 181/365 = 0.4959 in act/365.

Definition 1. The continuously compounded and the simply compounded zero-coupon rates are defined
by

R(t,T) = _mv L(t,T) = ﬁ <P(tl,T) - 1) ,

that is P(t,T) = e B&DTWT) — (1 4 7(¢, T)L(¢,T))"". The zero-coupon curve (or yield curve) at date t is
the graph of

Lt,T) t<T<t+1 (money market),
R(t,T) T>t+1.

Money-market rates (deposits, Euribor, LIBOR) are simply compounded. For maturities beyond one year,
the market quotes annually compounded rates Y (¢,T), defined by P(¢,T) = (1 + Y(t,T))fT(t’T); we use con-
tinuously compounded rates, which are easier to manipulate. The same discount factor gives different numbers:

for P=0.97and 7 =1, L =Y = 3.093% while R = 3.046%.

1.2 Forward rate agreements and forward rates (recall from [FP])

Definition 2. A Forward Rate Agreement (FRA) involves three dates: the current date t, the fixing date
T >t and the payment date S > T. For a notional N and a fized rate K, the holder receives at S the fized
amount N7(T,S)K and pays the floating amount N7(T,S)L(T,S), where the rate L(T,S) is fized at T. The

payoff at S is therefore
N7(T,S) (K — L(T,S)) .

An FRA locks in, as of today, the rate at which one can lend between T" and S. The cash flows are displayed
in Figure[1] In this subsection, 7 = 7(T\ S).

receive NTK

A
T=17(T,S)
t t t time
t T S
fixing of L(T, S)
pay NTL(T,S)

Figure 1: Cash flows of an FRA (receiving the fixed rate)

Valuation. The fixed leg is a known amount paid at S: it is worth N7K P(t,S). The floating leg can be
replicated without any model. Since 7L(T,S) = 1/P(T, S)—1, receiving N7L(T, S) at S is the same as receiving
N/P(T,S) — N at S, which is obtained as follows:

e at t, buy N zero-coupon bonds of maturity T" and sell N zero-coupon bonds of maturity S, for a cost
N(P(th) - P(tvs));
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e at T, lend the N received until S at the rate L(T, S);
e at S, receive N (14 7L(T,S)) = N/P(T,S) and pay N.

The floating leg is therefore worth N (P(¢,T) — P(t,S)). In particular, a floating leg to which the notional is
added at S is worth N at the fixing date T: a floating rate note quotes at par at its reset dates.

Definition 3. The forward rate F(t;T,5) is the fized rate which makes the FRA worth zero at date t:

F(&T,S)P(t,S) = P(t,T) — P(t,S), (1)
F(:T,S) =+ <ng 1). )

The value of the FRA is then N7P(t,S) (K — F(t;T,5)), and F(T;T,S) = L(T,S): the forward rate
converges to the rate which is eventually fixed.

Definition 4. The instantaneous forward rate is

o . Ol P(t,T) 3 T
f&,T) = 51_1%1+ F(;T,S)=— 5T ,  sothat P(t,T)=exp (—/t flt,u) du) .

With 7(t,T) = T — t, the zero-coupon rate R(t,T) = = ft f(t,u) du is the average of the instantaneous
forward rates: forward rates are above zero-coupon rates when the curve is upward sloping.

1.3 Interest rate swaps

Let T = {Tw,Ta+1,-..,T3} be a schedule of dates and 7, = 7(T;-1,7;). An interest rate swap (IRS)
exchanges a fixed leg against a floating leg on this schedule: at each date T;, i =a+1,...,3,

o the fixed leg pays N7;K;
e the floating leg pays N7;L(T;_1,T;), the rate being fixed at T;_; and paid at T;.

The first fixing date T,, can be today (spot-starting swap) or in the future (forward-starting swap). In a payer
swap (PFS) one pays the fixed leg and receives the floating leg; in a receiver swap (RFS) one receives the fixed
leg (Figure . In practice the two legs have different frequencies and day counts; we use the same schedule for
simplicity.

NTa+1K NTEK

} } T% T% T% time
t T, Tois l Tois l . T, l

NTa+1L(Ta,Ta+1) NTBL(TB—lvT[‘?)

Figure 2: Cash flows of a receiver swap: fixed leg received (up), floating leg paid (down)

Valuation. A receiver swap is a portfolio of FRAs. Writing F;(t) = F(t;T;—1,T;) and using (1)), which gives
S TP T F () = S (P(Tioy) = P(4,T3) = P(t,Tw) = P(t, Tp),

B
RFS(t) =N Z nP(t,T;) (K — Fi(1))

i=a+1
B
= N[K Cap(t) = (P(t,Ta) = P(t,T5))],  Cap(t):= Y mP(t,T). 3)
1=a+1

The annuity C, s(t) is the value of a fixed leg paying one unit of rate per year. The fixed leg is a coupon-
bearing bond without its final notional, and the floating leg is worth N (P(t,T,) — P(t,T3)): it is a floating
rate note without its final notional.
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Definition 5. The forward swap rate S, (t) is the fized rate which makes the swap worth zero at date t:

50ty POT) = LT

Then RFS(t) = NCo 5(t) (K — Sa5(t)) and PFS(t) = NCa 5(t) (Sa.s(t) — K).

Proposition 1. The forward swap rate is a weighted average of the forward rates:

(4)

ﬂ . .
Suplt) = X w0, i) = T, 6
i=a+1 ,

with positive weights summing to one. In terms of forward rates only,

B 1
1- Hj:a+1 I+7; F5(t)
Sllﬁ(t) = B i 1
Diicat1 Tillj—at 7, F5(0)

Proof. The first formula is the telescoping identity used above, divided by C,, g(t). For the second one, divide the

numerator and the denominator of (4) by P(t,T,,) and use 585&;:)) = H.I;:aﬂ % = H?:aﬂ m O

The weights w; depend only mildly on the level of rates. Freezing them is the basis of a useful approximation
for swaptions in Section

1.4 Caps and floors
Definition 6. A caplet on [T;_1,T;] with strike K pays at T;
N7 (L(Ti-1,T;) — K)*.
A cap is a sum of caplets on the dates of a schedule; its discounted payoff is

B
> D, T)N7 (L(T;-1,T;) — K)
1=a+1
where D(t,T;) is the stochastic discount factor of Section @ Floorlets and floors are defined in the same way
with the payoff N7; (K — L(Ti_l,Ti))+

A borrower who pays a floating rate and buys a cap never pays more than K. Since 27 — (—z)* = z, a cap
minus a floor with the same strike is a payer swap (cap-floor parity). Each caplet depends on a single rate,
which makes caps relatively easy to price. A caplet is also an option on a zero-coupon bond:

Proposition 2. The value at the fizing date T;—1 of the caplet payoff is that of N(1 + 7,K) puts on the
zero-coupon bond P(T;_1,T;) with strike 1/(1 + 7,K):
1

N7 P(Ti—1,T) (L(T;—1,T) — K)" =N+ 1K) | ———
TZ(’L].) l)((zla ’L) ) (+T )<1+TZK

.
—Pm_l,m) . (6)

The proof is left as Exercise A model which prices options on zero-coupon bonds therefore prices caps

(Section [4)).

1.5 Swaptions

Definition 7. A European payer swaption with maturity T, and strike K gives the right, not the obligation,
to enter at T,, the payer swap of schedule T and fized rate K. The length Tz — T, of the underlying swap is the
tenor; a “ly x 5y” swaption is an option of maturity one year on a five-year swap.

The swaption is exercised when the swap has a positive value. Its payoff at T, is

8 +
N ( > 7iP(Ta, T) (Fi(Ta) — K)) = NCa,p(To) (Sas(Ta) = K)". (7)
1=a+1

Symmetrically, a receiver swaption pays NCq 5(Th) (K — Sa.(Ta))". Since KCy 5(To) — (1 — P(Ty,T3)) =
> cP(Ty,T;) — 1 with ¢; = 7, K for i < 3 and c¢g = 1+ 73K, a receiver swaption is a put with strike 1 on the
coupon bond paying ¢; at T;:

IB +
receiver swaption payoff = N ( Z ¢iP(Ty, T;) — 1> . (8)
1=a+1

5 2026-2027



University of Paris 1 Panthéon-Sorbonne Interest Rate Models

Caps versus swaptions. The sum in is inside the positive part. Since z — x" is convex and positively
homogeneous, (37, #;)" < 37, x;", hence

K2

] + B
( > mP(Ts,T)) (Fi(Ta)—K)> < 7P (To, Ti) (Fi(To) — K)T
1=a+1 i=a+1

with no equality in general. The right-hand side is itself smaller than the value at T, of the caplets of the cap
(Exercise , so that a payer swaption is cheaper than the corresponding cap. More importantly, the swaption
payoff cannot be split into payoffs depending on one rate each: its value depends on the joint behaviour of the
forward rates Fiy41,...,Fp, and in particular on their correlations. This is the main difference between the two
classes of products. In the market, caps are quoted through the Black volatility of forward rates (Section
and swaptions through the Black volatility of the swap rate (Section .

Exercises

Exercise 1.1 Day count and rates

A deposit of EUR 1,000,000 is made from January 15 to July 15, 2027 (181 days) at the money-market rate of
2.5% (act/360).

(a) Compute the interest paid at maturity.
(b) Compute the equivalent simply compounded rate in act/365.

(c) Compute the discount factor and the continuously compounded rate (act/365).

Exercise 1.2 Swap rate and forward rates

The discount factors are P(0,1) = 0.97, P(0,2) = 0.94 and P(0,3) = 0.91. Consider a three-year swap with
annual payments (7; = 1).

(a) Compute the forward rates Fi(0), F5(0), F5(0).

(b) Compute the annuity and the three-year swap rate.

)

)

(c) Check Proposition |1 numerically.

(d) Compute the value of a receiver swap of notional 100 and fixed rate 3%.
)

(e) Show that the swap rate always lies between the smallest and the largest forward rate. When is it equal
to the forward rates?

Exercise 1.3 Caplets as options on zero-coupon bonds, parities
(a) Prove Proposition
(b) Show that a cap minus a floor with the same strike and schedule is a payer swap.

(c) Show that a payer swaption minus a receiver swaption with the same strike is a forward-starting payer
swap, worth NCl, g(t) (S g(t) — K).

(d) Using Jensen’s inequality under the forward measures of Section [3] show that the value at T, of the caplet
paying at T; is larger than N7;P(T,,T;) (F;(T.) — K)+. Deduce that a payer swaption is cheaper than
the cap with the same strike and schedule.

Exercise 1.4 Instantaneous forward rates

Assume that R(0,T) = a + 3T with a = 2% and b = 0.4% and 7(0,T) =T
(a) Compute f(0,T) and compare it with R(0,T").
(b) Compute the forward rate F'(0;1,2) and compare it with f(0,1.5).
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2 Pricing with stochastic interest rates

When interest rates are deterministic, discounting a payoff paid at T simply means multiplying its expected
value by P(0,T). When rates are random, the discount factor itself becomes random. This section shows how
the pricing formula of [FP] extends to this situation.

2.1 One payment date (recall from [FP])

Consider claims paying a single random amount at date T, and assume that they belong to X = L?(Q, Fr,P)
(finite variance). Two securities are traded: the zero-coupon bond of maturity 7', worth P(0,7), and a stock
paying no dividend, worth Sy today and St at T'.

Cash and carry. Buying the stock at date 0 with money borrowed until T produces St — Sy /P(0,T) at T
Selling at the same time a forward contract at the price Fr produces the riskless amount Fr — Sy/P(0,T) for
a zero initial cost. Absence of arbitrage therefore imposes Frpr = So/P(0,T).

Pricing functional. Let 7(X) be the price at date 0 of a claim X € X. Absence of arbitrage implies that
m is linear and that a non-negative non-zero payoff has a positive price; assume moreover that 7 is continuous.
By the Riesz representation theorem, there exists ¥ € X, the state price density, such that m(X) = E(VX),
and positivity of 7 makes ¥ positive. Setting kr = E(¥) and dQ” /dP = ¥/E(V) defines a probability measure
QT such that

n(X) = kr ET(X). (9)
Applying (ED to X =1 gives kr = P(0,T), and applying it to the forward contract, whose price is zero, gives
So
ET(S7) = = Fr.
(57) po,7) "

The probability Q7 depends on the payment date T: it is the T-forward measure studied in Section

2.2 Several dates: the stochastic discount factor

Formula @ involves one measure per payment date. To obtain a single pricing measure, consider a series of
dates ty < t1 < --- < t,, typically days, and a one-period rate known at the beginning of each period. The

rolled-over discount factor
k—1

D(to,tx) = H P(tj,tj41)
§=0
is such that 1/D(t,tr) is the value at ¢j of one unit invested at ¢y and rolled over from period to periodE Seen
from to, D(to,t) is random since the future one-period rates are unknown, but D(tg,tx+1) is known at date .
On each period, the one-date argument applies conditionally on the information at 5. We now assume that
the same probability works for all periods:

(H) There exists a probability Q equivalent to P such that, for every k,
S(tk)

EXS(th) | Ful = 5oy

Rolling cash and carry. At each date ¢, enter a one-period cash and carry on D(¢g,tx+1) shares: buy them,
financed by borrowing D(tg, tg+1)S(tx) until ¢x11. The amount to repay at txyi is

D(to, trq1)S(tr)
P(ty, tet1)

so that the strategy generates the following flows:

= D(to,tr)S(tr),

Date Flow
1 D(to,t1)S(t1) — S(to)

tker  D(to,tr41)S(trv1) — D(to, tr)S(t)

e Dlto,tn)S(tn) — D(to,tn1)S(bn 1)

Tt is denoted B(to,t)) in [FP]. Here B is reserved for the bank account.

7 2026-2027
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The crucial point is that the number of shares D(tg, tx+1) is known at i, when the trade is entered.

Proposition 3. Under (H),
S(to) = E [D(to, tn)S(tn) | Fro] - (10)

Proof. Multiplying (H) by D(to, tx+1), which is F;, -measurable,
E® [D(to, tk11)S(tk1) — D(to, tx)S(t) | Fr] = 0.

Taking the conditional expectation with respect to F3, (tower property) and summing over k = 0,...,n — 1,
the intermediate terms cancel and E@ [D(tg,t,)S(t,) — S(to) | Fi,] = 0. O

Formulas (9) and both express prices as expected discounted values, with a crucial difference. In ()
the discount factor P(0,7T) is known at the inception of the strategy and stands outside the expectation. In
the financing cost of the successive cash and carry strategies is not known at inception: the discount factor
is stochastic and stands inside the expectation.

2.3 Continuous time: the bank account numeraire

Write P(tg,tp+1) = exp (—R(tk, tk+1)(te+1 — tr)). When the time step goes to zero, the one-period rate
R(tg,trs1) tends to the instantaneous short rate r(¢;) and

n—1 T
D(to, tn) = exp <— D Rtk tes)(tre tk)> — DtT) = exp <_/ r(s) ds) - 5((?)’
k=0 !

where B(t) = exp (fot r(s) ds) is the bank account: dB(t) = r(t)B(t) dt. The bank account has no Brownian

part: it is locally riskless, but its value over a finite period is random.

Proposition 4 (Pricing with stochastic interest rates). In a market without arbitrage opportunities, there exists
a probability Q equivalent to P, the risk-neutral measure, such that, for any traded asset paying no dividend,
the two following equivalent properties hold:

1. the price is the expectation of the discounted value:

Sy =EQ[D(t,T)Sr | F; (11)
2. prices expressed in units of bank account are martingales: Bs(‘t) =EQ [% | ]-'t]

In particular, a payoff Xt paid at T is worth X; = EQ [D(t, T) X1 | F;] att <T.

The two properties are equivalent because B(t) is known at ¢t and D(¢,T) = B(t)/B(T). This statement is
the version of the fundamental theorem of asset pricing used in these notes: absence of arbitrage (in a suitable
technical sense) is equivalent to the existence of such a measure. Heuristically, if S/B had a predictable drift,
a strategy trading in the direction of this drift would be an arbitrage.

2.4 Consequences

Zero-coupon bonds. Applying to the zero-coupon bond, whose final value is P(T,T) = 1,

T
exp (—/t r(s) ds) |.7-'t1 . (12)

The whole zero-coupon curve is therefore determined by the dynamics of the short rate under Q. This is the
starting point of short-rate models (Section [4).

P(t,T) =EY

Drift of traded assets. Let S be the price of a traded asset paying no dividend, with dS; = St (us dt + o dWh)
where W is a Q-Brownian motion. Since B has no Brownian part,

St 1 St St
d (B(t)) = B asS; — B(t)QdB(t) = m ((ue — () dt + o¢ dW3) .

A continuous martingale has no drift, hence u; = r(t): under Q, all traded assets paying no dividend have a
drift equal to the short rate.

8 2026-2027
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Deterministic rates. When r is deterministic, D(¢,T) = P(¢,T) and reduces to (9): the risk-neutral
and forward measures coincide. With stochastic rates they differ, and switching between them is the object of
Section [Bl

Exercises

Exercise 2.1 Deterministic interest rates

Assume that the short rate r(¢) is a deterministic function of time.
(a) Show that P(t,T) = exp (— ftT r(s) ds) and that f(¢,T7) =r(T) for all t <T.

(b) Show that the forward rates are realised: F(t;T,S) = L(T,S) for t <T.

Exercise 2.2 Cost of carry

Under Q, the price of an underlying follows dS; = S; (cdt + o dW}) where ¢ is the cost of carry, and the interest
rate r is constant.

(a) Discuss the value of ¢ with respect to r when S is a stock paying a continuous dividend yield ¢, an exchange
rate, and a commodity.

(b) Show that the forward price of maturity T is Fr = SpeT.

Exercise 2.3 Forward rate and expected future rate

Consider two annual periods. The one-year rate is 7o = 2% today; in one year it will be r; = 1% or r; = 3%
with probability 1/2 each under Q. Rates are simply compounded, so that P(tk,txt1) = 1/(1 4 rg).

(a) Compute P(0,1) and P(0,2) using Proposition [3, Compare P(0,2) with 1/1.022.
(b) Compute the forward rate F/(0;1,2) and compare it with E2(r).

(c) Define Q? by its density D(0,2)/P(0,2) with respect to Q. Show that EY’ (r1) = F(0;1,2).

3 Change of measure and change of numeraire

The risk-neutral measure of Section [2]is one pricing measure among many. Each choice of a reference asset, the
numeraire, comes with its own pricing measure, and choosing the right one often makes a pricing problem easy.
This section provides the tools: conditional expectations under a change of measure, Girsanov’s theorem, and
the change of numeraire formula.

3.1 Conditional expectation as a projection in L?

The space H = L?(, F,P) of square integrable random variables is a Hilbert space for the scalar product
(X,Y) =E(XY). Let G C F be a sub-o-algebra (the information available at some date) and G = L?(Q, G, P),
a closed subspace of H. The orthogonal projection p(X) of X on G is the unique element of G such that

VY EG, (X-p(X),Y)=0 <+ VYYeG, (X,V)=(@pX),Y).

In probabilistic terms, p(X) = E(X | G): the conditional expectation is the best prediction of X in the mean
square sense given the information G (Figure [3).
Now let Q be a probability equivalent to P with density Z = dQ/dP (positive, with E(Z) = 1); for simplicity,
assume that all the random variables below are bounded. The Q-scalar product is
(X,Y)q =E%XY) =E(ZXY) = (ZX,Y),
and the projection ¢(X) = E2(X | G) for this scalar product satisfies, for all Y € G,
(X =q(X),Y)q =0 (ZX,Y) = (2,q(X)Y) < (p(Z2X),Y) = (p(2)q(X),Y),

where the last step uses ¢(X)Y € G. Since p(Z)q(X) belongs to G and the projection is unique, p(ZX) =
p(Z)q(X), that is ¢(X) = p(ZX)/p(Z).
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2
X-EXIG] y  LQ3)

v

EIXIG] (©.6)

Figure 3: Conditional expectation as a projection

Theorem 1 (Bayes rule). Let Q be a probability equivalent to P with density Z = dQ/dP, X a Q-integrable
random variable and G a sub-c-algebra. Then:

1. the density of Q with respect to P restricted to G is %b =E(Z|G);

E(ZX |G)

2. E2(X|G) = E(Z]0) "

3.2 Girsanov’s theorem

Let (Ft)iefo,r] be a filtration and Q a probability equivalent to P on Fr, with density Zr. The density process

dQ
Ze=E(Zr|F)=—3| » Zo=1,
dP | ;,

is a positive P-martingale. By the Bayes rule, X; = EQ(Xr | F) if and only if X;Z; = E(Z7Xr | F), hence:
Proposition 5. A process X is a Q-martingale if and only if XZ is a P-martingale.

When the filtration is generated by a Brownian motion W, the martingale representation theorem shows
that the positive martingale Z can be written dZ; = Z,\; dW; for some adapted process A, that is

t 1 t
Zy=E\-W), ::eXp(/ )\SdWS—g/ Agds>,
0 0

the Doléans-Dade exponential of f AdW. When ) is deterministic, fg’ As AW, is Gaussian with mean zero
and variance fot A2ds. Conversely, starting from a process A, £(\ - W) is a positive local martingale; it is a
true martingale, and defines a probability, under the Novikov condition E exp (% fOT )\gds) < 00, which is an

assumption on .

Theorem 2 (Girsanov). Let M be a continuous P-martingale and Z the (continuous) density process of Q.
Then

Ld(M,Z
Ntth—/ %:Mt—<M,an>t
0 s

is a Q-(local) martingale.
Proof. Write N = M + A with A of finite variation, so that (A, Z) = 0. By Ito’s formula,
A(NZ)=NdZ + ZdM + ZdA + d (M, Z) .

The first two terms are martingale increments. By Proposition b N is a Q-martingale if and only if the finite
variation part vanishes: ZdA +d (M, Z) =0, that is dA = —d (M, Z) /Z. Finally, dInZ = dZ/Z — 3d(Z) | Z*
gives d(M,InZ) =d (M, Z) /] Z. O

Corollary 1. Assume dZ; = Zy\; AWy, and let W' be a P-Brownian motion with d (W, W/>t = pydt. Then

¢
Wt'f/ PsAs ds
0

is a Q-Brownian motion. In particular, W; — fo As ds is a Q-Brownian motion.

Proof. d(W',InZ), = Ay d(W', W), = pA¢ dt. By Theorem [2| the process is a continuous Q-local martingale
with quadratic variation ¢ (quadratic variations do not depend on the equivalent measure), hence a Q-Brownian
motion by Lévy’s characterisation. O

In practice: the drift of a process under Q is its drift under P plus d(X,In Z), /dt.
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3.3 Change of numeraire

A numeraire is a traded asset paying no dividend with a positive price, used as a unit of account. In Propo-
sition [} the numeraire is the bank account B and the associated measure is Q.

Proposition 6 (Change of numeraire). Let N' and N? be two numeraires and Q' a probability such that X/N*
is a Q'-martingale for every traded asset X. Define Q2 by the density process

dQ?

_ _ No NP
=%

Z, =0t
s NN/

(13)

Then X/N? is a Q*-martingale for every traded asset X. Consequently, a payoff X7 paid at T is worth, for
any numeraire N with associated measure Q,

X7

X, = N, EVN
t t |:NT

| ft} . (14)

Proof. N?/N' is a traded asset expressed in units of N', hence a positive Q'-martingale, and Zy = 1: Z is
1
a density process. For a traded asset X, 337 = %% is a Q!-martingale, so X/N? is a Q% martingale by
0

Proposition O

The guiding principle is to choose the numeraire which makes the payoff simple. Three numeraires are used
in these notes: the zero-coupon bond (for payoffs paid at a single date), the annuity (for swaptions) and the
foreign bank account (for quanto products).

3.4 The T-forward measure

Take the zero-coupon bond P(-,T) as numeraire. By with N' = B, the T-forward measure Q7 has
density
dQ™|  D(0,t)P(t,T) dQ” ~ D(0,T) (15)
dQ |z, PO, T) dQ |z, PO, T)
The density on Fr is positive and has expectation one since P(0,T) = E® [D(0,T)]. It is the measure Q7 met
in Section 2l

Proposition 7. Let ET denote the expectation under QT .
1. A payoff Xr paid at T is worth X; = P(t, T)ET [X¢ | F;] att <T.

2. Forward prices X;/P(t,T) of traded assets are QT -martingales. In particular, the forward rate F(t;T,S)
is a Q%-martingale and
E [L(T, S) | Fi] = F(t; T, S). (16)

3. The instantaneous forward rate is the expectation of the future short rate under the forward measure:
f,T)=E"[r(T) | 7). (17)

Proof. 1 and the first part of 2 follow from with N = P(-,T), since P(T,T) = 1. By , 1+7F(t;T,S) =
P(t,T)/P(t,S) is the forward price of the zero-coupon bond of maturity 7' for delivery at S, hence a Q-
martingale, and F(T;T,S) = L(T, S). For 3, differentiate (12|) with respect to T" and use point 1:

OrP(t,T) = —E® [D(t,T)r(T) | Fi] = —P(t, T)E" [r(T) | Fi],
and f(t,T) = —drP(t,T)/P(t,T). O

Under Q, one models X;/B(t), whose final value X1 /B(T) mixes the payoff and the path of rates. Under
QT, the discounting is done outside the expectation and only the distribution of X7 matters. Note also that
forward rates are not risk-neutral expectations of future rates, but expectations under the appropriate forward
measure (Exercise [2.3)).

Proposition 8 (Black’s formula). Let X be a traded asset whose forward price Fy = X,/P(t,T) satisfies
dFy = Fyo(t) dW under QT, with o deterministic. Then the call paying (X1 — K)* at T is worth

v = /T o(s)%ds, (18)

_ In(F;/K) +v?/2

P(t,T) BI(F;, K,v) = P(t,T) (FyN(d1) — KN(d2)), di o ”

s

and the put is worth P(t,T) (KN (—d2) — FyN(—dy)).
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Proof. Xt = Fr and, conditionally on F;, In Fr is Gaussian with mean In F} — 112/2 and variance v2. The
computation of ET [(Fr — K)T | F] is that of the Black-Scholes formula with zero interest rate (Exercise .

O
This is the route to the prices of caplets (Section [5) and of options on zero-coupon bonds (Section .
3.5 The swap measure
The annuity C, (t) = Zf:a-{-l 7,P(t,T;) is a positive portfolio of zero-coupon bonds, hence a numeraire.

Its measure Q*” is the swap measure. By , the forward swap rate is the price of the traded portfolio
P(-,T,) — P(-,Tp) in units of the annuity: S, g is a Q%P -martingale.
By and , the payer swaption is worth

NCas(Ta) (Sap(Ta) = K)*

PS(t) = C, 5(t) EXP
(t) 8(t) Con(T)

The annuity cancels: the swaption is a call on the swap rate, which is a martingale under the swap measure. In
the lognormal forward-swap model (LSM), dS, 3(t) = 04,5854,5(t) tha’ﬂ under Q®#, which gives Black’s
formula for swaptions:

PS(t) = NCo(t) BI (Sa,(t), K, 00,57/ Ta — ). (19)

Swaptions are quoted in the market through the volatility o, g of this formula (or through a normal volatility,
see Section . The LSM is not compatible with the lognormal model for forward rates used for caps (Section :
if the F; are lognormal, S, g is not exactly lognormal.

3.6 The foreign measure and the quanto adjustment

Consider a domestic currency (say EUR) and a foreign currency (say USD). Let X; be the price in domestic
currency of one unit of foreign currency (EUR per USD), B and B/ the domestic and foreign bank accounts, Q
and Q/ the domestic and foreign risk-neutral measures, and S7 the price in foreign currency of a foreign asset
paying no dividend. Interest rates are constant in this subsection.

The foreign measure. S7/B7 is a Q/-martingale. Since foreign currency can be converted at no cost, X 57 is
the price of a domestic traded asset and X S/ /B is a Q-martingale. In particular, X B/ is a domestic numeraire,

whose measure is Qf. By ,

~dQf| XyBI(t)
%= 3g |, = XoBl) (20)

Dynamics of the exchange rate. Let dX; = X; (MX dt+ox thX) with W% a Q-Brownian motion. The
drift of XB/ /B is ux +rf —r, which must vanish: under Q, ux = r —r/ (interest rate parity, see [FP]). Then
dZt = ZtO'X thX

Dynamics of foreign assets. Under Q/, dStf = Stf (rfdt +0os thf) where W/ is a Qf-Brownian motion.

Let W* be the Q-Brownian motion driving S under Q, with d <WS7 WX>t = pdt. By Corollary (1}, W — poxt
is a Qf-Brownian motion, which is W/. Hence

dStf _ Stf ((Tf _ pgSo'X) dt +og thS) under Q. (21)

The same result follows from the absence of drift of XS/ /B under Q: the drift of XS/ is (r —r/) 4+ us +posox,
which must equal 7.

uanto forward. A quanto contract pays at T the number S, /" in domestic currency, without conversion. By
T

, it is worth
TR (8f) = s el rpose)T (22)

The term —pogox is the quanto adjustment. When p > 0, the foreign asset tends to rise when the foreign
currency appreciates: its domestic value XS/ gains on both legs, and since this domestic value must grow at
the rate r under Q, the growth of S7 itself must be lower. The quanto payoff, which does not benefit from the
currency gain, is therefore cheaper than the plain forward. For instance, receiving in one year as many EUR
as the performance N, /Ny of the (USD) Nasdaq, with » = 7/ = 0, 05 = 20% and ox = 10%, is worth e~9-92¢:
from 1.0202 for p = —1 to 0.9802 for p = 1.
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Exercises

Exercise 3.1 Black-Scholes formula by change of numeraire

Under Q, dS; = S; (cdt + o dW;) with Sy given, and the interest rate r is constant. Let Fr = EQ(Sr) and
Y: = exp (—50%t + oW;). We want the price C = e "TEQ[(Sp — K)¥] = e7"T(B— A) with B = E? [Srlg,>Kk]
and A = KQ(St > K).

(a) Integrate S, compute Fr and show that St = FrYp.

n —152
(b) Show that A = KN (d4) with ds = %

(c) Show that dQ°/dQ = Yr defines a probability equivalent to Q, and that W,;° = W; — ot is a Q°-Brownian
motion. Which numeraire does Q° correspond to when ¢ = r?

(d) Show that B = F;r Q%(Sp > K) = FrN(dg) with dg = ds + oV/T.
(e) Deduce C = e "T Bl(Fr, K,0+/T) and recover the Black-Scholes formula when ¢ = r.

Exercise 3.2 Exchange option (Margrabe formula)

Under Q, dX; = X; (r dt +ox thX) and dY; = Y; (r dt + oy thY) with d <WX, Wy>t = pdt, r constant. We
want the price V = e "TE? [(X1 — Y7)*] of the option to exchange Y for X.

(a) Show that

1 1
d <Y2) =y (—=(r—oy)dt — oy dW)),

X X W,
d( =t = *t((032/—PUXUY)dt+0XthX—UYd tY)-
Y; Y;

(b) Let QY be the measure of the numeraire Y. Give its density Zr with respect to Q and show that
dZt = ZtO'Y thY.

(c) Show that WX — poyt and W)Y — oyt are Q¥ -Brownian motions, and that X/Y is a Q¥ -martingale with
volatility ox/y = \/0% + 0% — 2pox0y.

(Xo/Yo)t40% )y T
ox;yVT :

+ In
(d) Show that V = Y, EY {(};TT - 1) } = XoN(dy) — YoN(ds) with dy o =

(e) Let X be the Nasdaq and Y the S&P 500, both with a 15% volatility, Xo = Yo =1 and T = 1. Give the
price as a function of p and comment.

Exercise 3.3 Quanto adjustment

Use the notations of the last subsection.
(a) Explain why S//B/ is a Qf-martingale and X S//B a Q-martingale. Show (20).
(b) Show that px =7 —rf under Q and that d (Z; ') = Z; ' (0% dt — ox dW;¥).

(c) Using Girsanov’s theorem from Q/ to Q with the density Z~!, show that Wtf + poxt is a Q-Brownian
motion and recover (21).

(d) Let NN; be the USD value of the Nasdaq and I; = N;/No. What is the value today of receiving /; EUR in
one year? Compute it as a function of p for r = rf =0, oy = 20% and ox = 10%.

Exercise 3.4 From one forward measure to another
Let T'< S and 7 = 7(T, 5).

1+7L(T,S)

T
(a) Show that dQ = T FOT.9)

dQs

Fr

(b) Deduce that ET [L(T, S)] = F(0; T, S) + % Is F(:;T,S) a QT-martingale?
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4 Short-rate models

By , the whole zero-coupon curve is determined by the dynamics of the short rate under Q. Short-rate
models specify this dynamics, dr(t) = u(t,7(t)) dt + o(t,r(t)) dW; under Q, and deduce bond prices from it.
Historically, the purpose was not only to price derivatives but also to give a normative answer to the question
of the possible shapes of the yield curve. Many models were proposed from the late 1970s onwards; Table 3.1
of [2] gives an overview. We start with the model of [6], the simplest and most influential one, and compute its
bond prices in three different ways (Gaussian computation, PDE, forward measure), since each route generalises
to other models. We then price options, fit the initial curve (Hull-White, Ho-Lee), keep rates positive (Cox-
Ingersoll-Ross) and introduce several factors.

4.1 The Vasicek model
Under Q, the short rate follows an Ornstein-Uhlenbeck process:
dr(t) = k(0 —r(t)) dt + o dWs, r(0) = o, (23)
where W is a Q-Brownian motion and k, 8, ¢ are positive constants:
e 0 is the long-term mean: the trajectories of r fluctuate around 6 in the long run;
e k is the speed of mean reversion: a deviation from 6 is halved, on average, in In2/k years;
e o is the instantaneous volatility of the short rate.

Vasicek specified the dynamics under the historical probability; with a constant market price of risk, the
dynamics under Q is still of the form , with a modified long-term mean.

Solution. With X (t) = r(t) — 0, dX = —kXdt + cdW, and Y(t) = eFX(t) satisfies dY = oeldWV.
Integrating between ¢ and T,

r(T) =0+ (r(t) —0) e *T=Y 4 5I(t,T), I(t,T) = /T e FT=s)qy,. (24)

The random variable I(¢,T") contains all the randomness of r(T") seen from ¢, and is independent of F;.

Proposition 9. Conditionally on F;, (7(s))s>+ is a Gaussian process with

E[r(T) | Fi) =0+ (r(t) — 0) e+, (25)
Var (r(T) | i) = o (1= e 2T0), (26)
v(t,s,u) == Cov (r(s),r(u) | F;) = o?E[I(t,s)I(t,u)] = ;—ke_k(s+“) (er(SA“) - e%t) , (27)

where s A u = min(s, u).

Proof. I(t,s) is astochastic integral of a deterministic function: it is Gaussian with mean zero. By It6’s isometry,
E[I(t,s)I(t,u)] = f:/\u e kls—v)e=klu=v) gy — e*k(‘”")w, and s = u = T gives the variance. O
Comments.

e When k(T —t) < 1, Var (r(T) | F;) ~ o*(T —t): on short horizons, the short rate behaves like a Brownian
motion (the case k = 0).

e When k(T —t) > 1, the variance tends to 02/(2k): mean reversion caps the uncertainty, and r(7)
converges in law to N (6,02/(2k)).

e The initial value r(¢) is forgotten at an exponential speed.

e The short rate can be negative, with probability NV (—m/s) where m and s? are the conditional mean and
variance. With k = 0.3, 0 = 3%, 0 = 1% and ro = 1%, this probability is 4.0% in one year and 1.0% in
the long run. Long seen as a flaw of the model, negative rates were observed on the euro between 2014
and 2022.
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4.2 Route 1: the integrated short rate

By (12), P E [e¢T) | 7] with &(t,T) = [ r(s)ds. As an integral of a Gaussian process, £(t,T) is
Gaussian condltlonally on F¢, and the bond price follows from its mean and variance. Integrating .,

1— e—k(T—t)

ET)=E[EET)| F]=0(T —t)+ (r(t) - 0) A, T),  A(t,T):= : (28)
The variance is the double integral of the covariance:
T T
V(t,T) = Var (&(t,T) | Fr) = / / (¢, s,u) ds du.
t Jt
The integrand is symmetric in (s,u), and on the half-square {s < u}, s Au = s. Hence
0,2 T u
V(t,T) = */ [/ emRstu) (g2kes _ o2kt ds} du = ?/ ek [/ (ehs — e2hte=hs) ds] du
t t
k k kt 2kt (,—k kt o [T k(u—t) 2k(u—t)
= kz/t e R (e — ) 4 M (e7F —e )]du:ﬁ/t [1—2e u=t) 4 g2k(u }du.
The three terms integrate to 7' — t, —2A(t,T) and (1 — e=2(T'=t)) /(2k), so that
2
V(LT) = 5 [%( — ) — 34+ de kT _ e*Qk(T*ﬂ . (29)
Proposition 10. In the Vasicek model,
P(t,T) = ¢ 0THVED = exp (<At T)r(t) — O(1.T)) (30)
o? o? 9
C(t,T) = (0 — 2k2> (T—t—A@t,T))+ @A(t,T) . (31)

The zero-coupon rate is the aﬂ‘lne function of the short rate R(t,T) =
Ry =limp 0o R(t,T) =60 —

w, and the long rate is

2k2

Proof. The first equality is the Laplace transform of a Gaussian variable (Proposition [17)). Write 7 =T —t and
A= A(t,T). Since e™F7 = 1— kA, 2k7 —3+4e~F — =2k = 2k(r — A) —k2A2, so that 1V = 2 (71— A) — 5 A,
Then £ — 3V = Ar(t) + (1 — A) — %(T —A)+ %AQ = Ar(t)+ C. When 7 — o0, A — 1/k and C/7 —

o2 /(2K2). O
~~ 4 | N
X
= — () = 1%
20 —r(t) =3% | |
—r(t) = 5%
—- ROO
| | | | I
0 5 10 15 20 25 30

maturity T — t (years)

Figure 4: Zero-coupon curves in the Vasicek model (k = 0.3, § = 3%, 0 = 1%)
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Comments.

e The whole curve is a function of the single state variable r(t), and its shape depends on it (Figure [4)):
increasing when r(t) is low, decreasing when r(¢) is high. Slightly humped curves are also possible for
intermediate values. For instance, with r(¢) = 1%, the 1-, 5-, 10- and 30-year rates are 1.27%, 1.95%,
2.34% and 2.73%.

e When the short rate moves by dr, the zero-coupon rate of maturity 7" moves by ATZ? dr. This sensitivity
decreases from 1 at the short end to 0 at the long end: short rates are more volatile than long rates.

o All rates are driven by the same Brownian motion: the instantaneous correlation between the variations of
any two rates is equal to 1 (Exercise [4.3). The curve can shift but not twist. This motivates multi-factor

models (Section [4.8).

e The long rate R is below 6: by Jensen’s inequality, the convexity of  +— e~* makes bonds more valuable,
and rates lower, than with a deterministic short rate.

4.3 Route 2: the bond pricing PDE

The bond price is a function of the current short rate: P(¢,T) = p(t,r(¢)). By Proposition 4} D(0,¢)p(t,r(t)) is
a Q-martingale, so its drift D(0,t) (8yp + k(0 — r)0rp + 5020,rp — rp) vanishes, and p solves

dp dp 1 5 0%p B
ot + k(6 — )(9 —|— 0l TP = 0, p(T,r) = 1. (32)

Conversely, by the Feynman-Kac theorem (Theorem [4), the solution of is the expectation (12).
Such a PDE is generally hard to solve, but the structure of the solution can be guessed. By , the

derivative Or(u)/0r(t) = e **~1) is deterministic, so that differentiating p = E [e‘ i rwdu | r(t)} under the

expectation gives
T
orp=— (/ ek(“t)du> p=—A(tT)p.
t

Hence p(t,r) = exp (—A(t, T)r — C(t,T)) for some function C. With 9;4 = kA — 1, the PDE becomes
1 1
—(kA—1r—-0,C —k(0—1)A+ 502142 —r=0 <= 0,C=—-kHA+ 502142,

the terms in r cancelling. With C(T,T) = 0,
r 1, ) 1
Ct,T)= kOA(u,T) — 2 A(u,T)* |du=0 (T —t — A(t,T)) — 5\/(1§,T)7
¢

since ftT kA(u,T)du =T —t — A(t,T) and o2 ftT A(u,T)*du = V(t,T) (compare with the computation of V
above). We recover Proposition

4.4 Route 3: the forward measure

By Proposition |7, f(t,T) = ET [r(T) | 7]: the forward rate is the expected short rate under the T-forward
measure. The density process of QT is Z; = D(0,t)P(t,T)/P(0,T), a Q-martingale whose Brownian part comes
from P(t,T) = e~ AGTIrO-CWD): qz7, — —Z,0A(t,T)dW;. By Corollary [l W = W, + fg cA(s,T)ds is a
QT-Brownian motion, and

dr(t) = [k (0 —r(t) — c?At,T)] dt + o dW;" under Q. (33)
The function m(u) = BT [r(u) | 7], u € [t,T], solves the linear ODE m/(u) = k (6 — m(u)) — 02A(u, T) with
m(t) = r(t). Its value at u = T is r(t)e *T—) 4 ftT e *T=w) (k0 — 02 A(u, T)) du, that is

o2 2
FT) =0+ (r(t) = 6) e™HT=0 — 2 (1 —e <T*t>) . (34)

The forward rate is the risk-neutral expectation of the future short rate, minus a convexity term which
increases with the maturity. Integrating in T, ftT ft,u)du = E(t,T) — %V(t,T), which gives back the bond
price P(t,T) = exp( ft f(tu du) a third time.
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4.5 Options on bonds, caps and swaptions

Proposition 11. In the Vasicek model, for t < T < S, the European call of maturity T and strike K on the
zero-coupon bond of maturity S is worth

ZBC(t,T,S,K) = P(t,S)N(h) — KP(t, T)N(h — 0,),
ZBP(t,T,S,K) = KP(t,T)N(=h + 0,) — P(t, S)N(=h) (put),

with h = é In Kp}ng%) + % and 0, = 0 A(T, S)\/l_ez&.

Proof. The call pays (P(T,S) — K)* at T. The forward price F,, = P(u,S)/P(u,T) is a QT-martingale with

Fr = P(T,S) (Proposition[7)). Since In F,, = — (A(u, S) — A(u, T)) r(u) + deterministic and A(u, S) — A(u,T) =
e~ T=w A(T, S), its volatility ce=*T=%) A(T, S) is deterministic. Black’s formula (Proposition [8) applies with
v? = g2 A(T, S)? ftT e Ty = g2 O

Caps. By Proposition a caplet is N(1 + 7, K) puts ZBP (t, T, 1,T; ﬁ) caps have closed-form prices

in the Vasicek model. With & = 0.3, 6§ = 3%, 0 = 1% and rq = 3%, the caplet on the six-month rate fixing in
one year with strike 3% is worth 0.00160 per unit of notional, which corresponds to a Black volatility of 27.3%
(Exercise [4.5)).

Swaptions. A receiver swaption is a put on a coupon bond , that is an option on a sum of zero-coupon
bonds. In a one-factor model, this sum can nevertheless be decomposed.

Proposition 12 (Jamshidian’s decomposition). Assume that P(T,,T;) = p; (r(Ty)) with p; decreasing, as in
the Vasicek model. Let r* solve Zf=a+1 cipi(r*) =1 and K; = p;(r*). Then

B + B
(Z ciP<Ta,Ti)—1) = > «(P(T..T) - K)*,

i=at1 i=a+1
so that the receiver and the payer swaptions are respectively worth

B B
N > ¢ ZBC(t,Ta,T;,K;) and N Y ¢ ZBP(t,Ts, T;, K).

i=a+1 i=a+1

Proof. If r(T,) < r*, all the P(T,,T;) are above their K;, and ), ¢;P(To,T;) —1 =", ¢; (P(To,T;) — K;) > 0.
If »(T,) > r*, all the terms are below their K; and both sides vanish. The payer case is identical with
1-3,aP) =%, c (K —P)". O

The decomposition works because, in a one-factor model, all bond prices move in the same direction: this
is the same feature which makes all rates perfectly correlated.

4.6 Fitting the initial curve: Hull-White and Ho-Lee

With three parameters, the Vasicek model cannot reproduce the observed discount curve T~ PM(0,7T): the
prices of the bonds and swaps used to hedge would be wrong. The Hull-White model adds a deterministic
function of time:

r(t) = z(t) + ¢(t), dz(t) = —ax(t)dt + cdW;, x(0) =0,

equivalently dr(t) = (9(t) — ar(t)) dt + o dW; with 9(t) = ¢'(¢) + ap(t).
Proposition 13. Let A and V be the functions of the Vasicek model with k = a. Then

P(t,T) = exp (—/t o(u)du — A(t, T)z(t) + ;V(t,T)) .

The model reproduces the market curve, P(0,T) = PM(0,T) for all T, if and only if

2

o(T) = FM(0,1) 4 5 (1= ™), (35)
where fM(0,T) = —07 In PM(0,T) is the market instantaneous forward rate. In that case,
PM(0,T)

PUT) = exp <A(t, T)a(t) + % V(L T) = V(0,T) + V(0, t)}) .

PM(0, 1)
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Proof. x is a Vasicek process with § = 0, so j;T (u) du is Gaussian with mean A(t,T)x(t) and variance V (¢, T),
and j;Tgo is deterministic. At ¢ = 0, lnPM 0,7) fo w— fV 0,7T); differentiating in T gives ¢(T) =

fM(0,T) 4+ LorV(0,T) with 07V (0,T) = Z (1 - e*“T) . Finally, ft o= fOTgo - fot ¢ is expressed with the
market discount factors. O

The volatility of forward bond prices only depends on a and o, so Proposition [II] and Jamshidian’s decom-
position hold unchanged. In practice, ¢ is given by today’s curve and (a, o) are calibrated to cap or swaption
prices.

The Ho-Lee model is the limit a — 0: dr(t) = 9(t) dt+o dW;. Then A(t,T) =T —t,V(t,T) = o2(T—1)3/3
and p(T) = fM(0,T) + 02T?/2. Without mean reversion, the variance of the short rate grows linearly with
time, which is unrealistic for long maturities.

4.7 The Cox-Ingersoll-Ross model

To avoid negative rates, [3] make the volatility vanish at zero:

dr(t) = k(0 — r(t)) dt + o/r(t) dW,. (36)

The short rate remains non-negative, and positive when 2kf > o2 (Feller condition). Its conditional law is a
scaled non-central y?, with the same mean as in the Vasicek model and variance r(t)%2 (e"” - 6_2’”) +

% (1 — 67]”)2, T=T—t.

Proposition 14. In the CIR model, P(t,T) = exp (—A(7)r(t) — C(7)) with T =T — ¢, h = Vk? + 202 and
2 (ehm —1) 2k0 2helk+h)/2

9h+ (k+ h) (eh™ — 1)’ T My (k1 h) (b — 1)

A(r) =

Proof. The bond pricing PDE is O;p + k(0 — 7)0,p + 102rd,,p — rp = 0 with p(T,r) = 1. Looking for
p = e~ A(M=C(7) and separating the terms in r gives the Rlccatl equation A’ =1— kA — 1 02A? and C" = kA,
with A(0) = C(0) = 0, whose solution is the one above (Exercise {4. O

As in the Vasicek model, zero-coupon rates are affine in r(t) and perfectly correlated. More generally,
whenever the drift and the squared volatility of the short rate are affine in r, bond prices are exponential-affine
with coefficients solving Riccati equations (affine term structure models). The CIR model can also be shifted by
a deterministic function to fit the initial curve, and options on bonds have closed forms involving the non-central
x? distribution [2]. It cannot, however, produce negative rates.

4.8 Multi-factor Gaussian models

One-factor models make all rates perfectly correlated, which prevents the curve from twisting and misprices
products depending on the correlation between rates, such as swaptions. The n-factor Gaussian model, called
G2++ in [2] when n = 2 (it is equivalent to the two-factor Hull-White model), keeps the analytical tractability
of the Vasicek model:

r(t) = zn:xi(t) + o(t), dzi(t) = —a;xi(t) dt + o3 dW;(t), ;(0) =0,

with d (W;, Wj), = pijdt (pi = 1) and ¢ deterministic with ¢(0) = r(0). In the Vasicek model, n = 1 and
o(t) =roe ™ + 6 (1 — e™*). As before,

T
2i(T) = wi(t)e™ T + Ui/ e~ = qw; (u), Cov (2i(T), z;(T) | Fi) = 72”_?2] (1 - e_(“i+“j)(T_t)) .
t ? J

e—(aitay)T

Lemma 1. Let I;(t,T) = ftT zi(u)du, 7=T—1t, M;(t,T) = % and M;;(t,T) = 1= aita; - Condition-
ally on Fi, the I;(t,T) are jointly Gaussian with E [I;(t,T) | F¢] = M;(t,T)z;(t) and
Cov (L(t, 1), (1, T) | Fi) = PL22 [ — My(t,T) = My(t,T) + Miy (8, 7)) (37)
i;

2 2a; 2a;

In particular Var (I;(t,T) | F;) = Z—j {T + a%_e_“” — e i} , which is with k = a;.
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Proof. Integrating the expression of z;(u) and exchanging the integrals (stochastic Fubini theorem),

Ii(t,T) _ Mi(t,T)l‘i(t) 10y /T (/T e—a:‘,(u—s)du> dWZ(S) = Mi(t,T)xi(t) + 0 /T Mi(S,T) dWl(S)

By It6’s isometry, the covariance is p;jo;0; ft (s,T)M;(s,T)ds = 2% fo Y) (1 — e~ %") dv, which
gives . O

Theorem 3. Let V(t,T) =3, ; Cov (Li(t,T),1;(t,T) | F¢). The zero-coupon bond is worth

T n 1
P(t,T) = exp </t o(u) du — Z M;(t, T)x;(t) + 2V(t,T)> .

i=1
The model fits the market curve if and only if o(T) = fM(0,T) 4+ £0rV(0,T), and then

M
P(t,T) = I;M(% 5 P < ZM (t,T)x;(t ; [V(t,T) —V(0,T) +V(o,t)]> .

The proof is the same as for Proposition
Forward rates and decorrelation. Differentiating In P(¢,T),

1
—a;(T— t) -
f@&,T) )+ E e 2(9TV(25,T)

and .
df (t,T) = o(t, T) dt + Y _ oy T DdW;(t), Zpuaza] {TOM(E, T).
i=1
The drift « is not free: it is imposed by the absence of arbitrage (thls is the Heath-Jarrow-Morton drift

condition). The instantaneous correlation between two forward rates is

—a;(T1—t) ,—a;(T2—t
Y pigoioje” i Vem a0

K
\/Zi,j pijO'ia'je*(aHraj)(ﬂft) Zi,j pijO'ine*(“iJraj)(Tz*t)

equal to 1 when n = 1 but not in general. With two factors, a; = 0.05, as = 1, o1 = 0.8%, 0o = 1% and
p12 = —0.6, the correlation between the 1-year and the 2-year forward rates is 0.95, and between the 1-year and
the 10-year forward rates 0.88: a slowly mean-reverting factor drives the level of the curve, a fast one its slope.
Bond options also have closed-form prices in this model [2].

Exercises

Exercise 4.1 The Ornstein-Uhlenbeck process

Consider the Vasicek dynamics .
(a) Using Ito’s formula, check that r(t) = roe " + 6 (1 — e™*) + o fot e~ Ft=qW, solves (23).
(b) Compute E [r(t)] and Var (r(t)).

(c) Discuss the behaviour of r(¢) for small and large ¢: what do small and large mean? Compare with the
Brownian case k = 0.

(d) Recover the solution from the formula for linear SDEs of Section

Exercise 4.2 Integmted short rate and zero-coupon bonds

(a) Prove (27) and (28).
(b) Show that Var (£(0,7)) = fOT fOTv(O,u,v) dudv and derive (29).

)
(c) Deduce the price of the zero-coupon bond and the zero-coupon rate as functions of k, 0,0, ro and T
)

(d) Compute the limits of R(t,T) when T' — ¢ and when T' — oo.
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Exercise 4.3 Covariance structure of the Vasicek curve
Let A(t,T) = A(t,T)/(T —t).
(a) Show that d <R(, Tl), R(, T2)>t = UQA(t, Tl)A(t, Tg) dt.
(b) Deduce that the instantaneous correlation between dR(t,T7) and dR(t,T») is equal to 1. Comment on the
covariance structure of the yield curve in a one-factor model.
Exercise 4.4 Negative rates
With k£ = 0.3, 0 = 3%, 0 = 1% and rq = 1%, compute the probability that the short rate is negative in one
year, and in the long run.
Exercise 4.5 A caplet in the Vasicek model

With k£ = 0.3, 0 = 3%, 0 = 1% and ry = 3%, consider the caplet on the six-month rate fixing in one year
(T'=1, 8 = 1.5, 7 = 0.5) with strike K = 3%.

(a) Compute P(0,1), P(0,1.5) and the forward rate F'(0;1, 1.5).
(b) Compute o, and the price of the caplet per unit of notional.

(¢) Which volatility, in Black’s formula for caplets (Section [)), gives the same price?

Exercise 4.6 Hull-White model with n factors
Consider the model of Section 4.8

(a) Show that z;(t) = o; fot e~ qW,(u), Ez;(t) | Fu] = zi(u)e™%¢%)  and compute Cov (z;(t), z;(t))
and Var (r(t)).

(b) Prove Lemma (1| and Theorem
(c) Ho-Lee: for n = 1, show that when a — 0, M(t,T) — T —t, V(t,T) — o*(T —t)3/3 and ¢(T) —
M0,7T) + o212 /2.
Exercise 4.7 The Cozx-Ingersoll-Ross model

(a) Show that p = e=A4(")"=C(") golves the CIR bond pricing PDE if and only if A’ = 1 — kA — 102A% and
C' = k9A, with A(0) = C(0) = 0.

(b) Check that the function A of Proposition |14] solves the Riccati equation, and that it tends to the Vasicek
function (1 — e=*7)/k when ¢ — 0.

(c) Is the Feller condition satisfied for & = 0.5, 6 = 3% and o = 10%?

5 Market models: the lognormal forward-LIBOR model

Short-rate models deduce the prices of caps and swaptions from the dynamics of an unobservable quantity,
the short rate. The market, however, quotes caps and swaptions through Black’s formula, as if each forward
rate, or each swap rate, were lognormal. These formulas were long used without an underlying arbitrage-free
dynamics of rates. Market models fill this gap: they model directly the observable forward rates, in such a way
that Black’s formula for caplets is exact. The lognormal forward-LIBOR model (LFM), also called BGM model
after [1]], is the reference model of this family.

5.1 Black’s formula for caps

Consider the caplet paying N7 (L(T,S) — K)" at S, with 7 = 7(T, S), and the forward rate F(t) = F(t; T, S).
By Proposition |7, F is a Q%-martingale and F(T) = L(T, S), so that the caplet is worth

N7P(t,S)ES {(F(T) oA

Assume that dF(t) = o(t)F(t) dW;® under Q%, with o deterministic, and let 52 = - ftT o(s)%ds be the average
variance. By Proposition
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Caplet(t) = N7 P(t,S) Bl (F(t), K,57T t) : (38)

and the floorlet is worth N7P(t,S) (KN(—ds) — F(t)N(—d;1)). The uncertainty stops at the fixing date T,
whereas the payment occurs at S: S is the natural payment date of the rate L(T,S), the one for which the
forward rate is a martingale under the payment measure. Paying the same rate at another date requires a
convexity adjustment (Section [5.4).

Caps. The market quotes a cap on the schedule {Ty,,...,T3} through a single volatility o, g, used for all its

caplets:
B

Cap(0) =N Y 7.P(0,T;) Bl (FZ-(O),K aaﬁ\/Ti,l) . (39)
1=a+1
The maturity in Black’s formula is the fixing date T;_; of each caplet. The volatilities &; of the individual

caplets are then stripped from the cap volatilities of increasing maturities. For instance, with F' = K = 3%,
a = 20%, a fixing in one year, 7 = 0.5, P(0,1.5) = 0.955 and N = 10 million, the caplet is worth 11,411.

Negative rates. Black’s formula assumes F' > 0. When euro rates became negative (2014-2022), the market
moved to normal (Bachelier) volatilities: if dF(t) = on dW}?,

Caplet(t) = N~ P(t. ) [(F(t) - K)N(d) + oxvT—in(d)] . d= jjf}% (40)

Another solution is the shifted lognormal model, in which F' + § is lognormal for some shift § > 0: Black’s
formula then applies to F' 4+ and K + 9.

5.2 The model

Black’s formula cannot handle:

e payoffs depending on several forward rates, such as ratchets, spread options or swaptions: they require
the joint dynamics of the rates;

e a rate paid at a date which is not its natural payment date, such as in-arrears payments: the rate is then
needed under another measure.

One needs the dynamics of all the forward rates of a schedule under a single measure.

Let To < Ty < --- < Ty be a schedule, 7, = 7(Tx—1,Tk), Fx(t) = F(t; Tr—1,T)) the k-th forward rate, alive
until its fixing date Tj_;, and QF the T;-forward measure, under which F}, is a martingale. The LFM assumes
that, for each k,

dFy(t) = o (t)Fi(t) dZy(t) under Q%,  t< Ty 4, (41)

where o}, is deterministic, Z = (Z1, ..., Zyr) is a Brownian motion with correlations d (Z;, Z;), = ps; dt, and Zj
is a Q*-Brownian motion. Each caplet is then exactly priced by : the LFM is consistent with the market
formula for caps.

Volatility structure. Let 5(t) = m when T, » < t < Ty, 1 (with Ty = 0): Fp is the first forward
rate which is not fixed yet. A common choice is a volatility which is constant on each period, o1 (t) = 0y (1)
parametrised as o ; = PrYPr—j+1 (Table: 1) describes how the volatility depends on the number of periods left

before the fixing, and ¢y, rescales it so that the caplet volatilities are matched: Ty_157 = Zle(Tj_l ij_g)a,%’j.

te(0,To) (1o, T1] (T, 1) -+ (Tnm—2,Th-1]
F1 (t) ¢1¢1 fixed fixed ce fixed
Fy(t) D212 P11 fixed e fixed
F3(t) ¢33 $31)2 D311 e fixed
FM(t) by dmMVYMm—1 dMYnm—2 - O

Table 2: Piecewise constant volatilities o, g(1) = Pr¥r—pg(1)+1 in the LFM
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Correlations. The matrix (p;;) does not affect caps. It is usually parametrised, for instance as
pij = exp (AT = T;]),  A>0,
so that rates of close maturities are more correlated, and calibrated to swaptions. The possible choices are

discussed in Chapters 6 and 7 of [2].

5.3 Dynamics under a common measure

Proposition 15. Under Q°, for t < min(Ty_1,T;), the forward rate Fy, follows

%

i AR =-oOR0) 3T P O80) iy 1ot a0,
k>i: dFL(t) = +on(t) Fy(t) W dt + oy () Fi(t) dZL (1),

j=i+1
where Z}, is a Q'-Brownian motion.
Proof. Take k <i. By with the numeraires P(-,Ty) and P(-,T;),
_ P(0,T) P(t.T;) _ P(0,Ty) H 1
a L TE()

_ a0
- %

H,

- P(0,Ty) P(t,T,)  P(0,T;)

Fi j=k+

By Theorem [2| Zi = Z; — (Z,,In H) is a Q'-Brownian motion, with

Wiy, = 3 TUEE) 5 puninOF0)
j=k+1 1+Tij(t> j=k+1 1+Tij(t)

Substituting dZy = dZ} +d (Zg,In H) in gives the first formula. For k > 4, H; H;C:Hl (1+7;F;(t)) and
the sign changes. 0

The drift terms are covariances between Fj and the ratio of the two numeraires: they are of the same nature
as quanto adjustments. They depend on the current forward rates, so that Fj is not lognormal under Q' and
closed-form prices are not available in general: expectations are computed by Monte Carlo simulation of the
vector (In Fy)i. A good approximation is often obtained by freezing the drift, that is by replacing F;(t) by
F;(0) in it: the forward rates then remain lognormal under Q, with a deterministic drift. The approximation
is good as long as 7;0;F; remains small.

5.4 Two applications
Ratchets and spreads. A ratchet pays at T; a function of the difference between two consecutive rates, for
instance 7; (L(T;—1,T;) — L(Ti—2,T;—1) — X)+. Using the numeraire P(-,T;), its price is

7 P(0, T B [(F(Ti) — Fioa(Tis) — X))

Under Q7, F; is a martingale and, by Proposition

Pi—1,:Tioi Fi(t)

dF;1(t) = 0i1 Fioa (1) ( 1+ 7,F5(t)

dt + de_l(t)> .

With a frozen drift, both rates are lognormal and the ratchet becomes an option on the spread of two correlated
lognormal variables. Margrabe’s formula (Exercise [3.2) is exact only when X = 0 and both rates are observed
at the same date; otherwise one uses an approximation (Kirk’s formula) or a Monte Carlo simulation.

In-arrears payments and convexity adjustment. An in-arrears payment pays 7L(T,S) at the fixing date
T instead of S. Receiving 7L(T, S) at T is equivalent to receiving 7L(T,S)/P(T,S) = 7L(T,S) (1 + 7L(T,S))
at S. Using the numeraire P(-,.5), the price is

Pt,S)E° [rF(T) (1 +7F(T)) | 7] = 7P(t,S) [F(t) + TES [F(T)* | F]] .
When F is lognormal, E¥ [F(T)? | 7] = F(t)ze”2 with v? = ftT o(s)?ds. Dividing the price by 7P(t,T) gives

the expected rate under the payment measure Q7:
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TF(t)? (e”2 - 1)
1+7F(@t)

ET [L(T,S) | Fi] = F(t) + (42)

The second term is the convexity adjustment: an in-arrears rate is worth more than the forward rate (see
also Exercise . With F = 3%, o = 20% and 7 = 1, it is 4.3 basis points for 7" = 10 years, but only 0.2 basis
point for T'=1 and 7 = 0.5.

5.5 Swaptions in the LFM

A swaption depends on the joint law of the forward rates F,1,..., Fs at Ty, which has no closed form in the
LFM. By Proposition |1} S, 3 = >, w; F;, where the weights w; vary little. Freezing them at their initial values,
and freezing the forward rates in the volatility terms, the quadratic variation of S, g can be matched with that
of a lognormal process. This gives Rebonato’s formula:

(O_I(;}R‘BM)Q 1 | Z (L (O)U)j (O)F (O)QF]' (0)pij /OTa o (t)O'j (t) dt, (43)

to be used in Black’s formula for swaptions . The swaption volatility decreases when the correlations
decrease: this is how the correlation matrix is calibrated to swaption prices, once the volatilities have been
calibrated to caps.

Exercises

Exercise 5.1 Pricing a caplet

A caplet on a six-month rate (7 = 0.5) fixing in one year has a notional of 10 million and a strike K = 3%. The
forward rate is F' = 3%, the caplet volatility & = 20% and P(0,1.5) = 0.955.

(a) Compute the price of the caplet.
(b) Deduce the price of the floorlet with the same strike.

(c) Why is the maturity in Black’s formula the fixing date and not the payment date or the accrual period 77

Exercise 5.2 Normal volatilities
Assume that dF(t) = on dW;° under Q7.
(a) Prove the Bachelier formula (40).

(b) Show that at the money, the caplet is worth N7P(t,S)on+vT — t/+/27, and that Black’s formula at the
money is approximately N7P(t,S)Fav/T —t/v/2n. Deduce the relation between normal and lognormal
volatilities at the money.

Exercise 5.3 Two forward rates

Consider the schedule Ty = 1, T} = 2, T, = 3 (11 = 72 = 1) and the forward rates F; and F5, with constant
volatilities.

(a) Write the dynamics of F; under Q2.
(b) With F1(0) = F»(0) = 3%, 01 = 02 = 20% and p;2 = 0.8, compute the frozen drift and the approximate
value of E? [F}(Tp)]. Comment.

Exercise 5.4 Converity adjustment

(a) Prove and check that it is consistent with Exercise [3.4]

(b) Compute the convexity adjustment for F = 3%, o = 20%, 7 = 1 and T = 10 years, then for o = 30% and
T =5 years.
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6 After LIBOR: compounded risk-free rates

6.1 Context

The LIBOR (London Interbank Offered Rate) was computed from the declarations of a panel of banks. After
the manipulation scandals of the early 2010s, regulators organised the transition to overnight risk-free rates
(RFR) computed from actual transactions: €STR for the euro, SOFR for the US dollar, SONIA for the pound
sterling, SARON for the Swiss franc and TONA for the yen. Most LIBOR settings ceased at the end of 2021,
the main US dollar ones after June 2023. The Euribor, whose methodology was reformed, is still published: as
a forward-looking term rate, it remains covered by the LFM of Section

Derivatives on RFR are discounted with the curve built from overnight index swaps (OIS), and their floating
legs pay the overnight rate compounded in arrears over each period. The key difference with LIBOR is the
timing of the fixing: L(Tyx—_1,Tk) is known at the beginning of the period, the compounded RFR only at its end.
In this section, we work with a single curve: the RFR is the short rate of the discount curve.

6.2 Compounded rate and accumulation factor

On the period [T)_1, T], of length Ay, the compounded rate Ry, is defined from the daily fixings r;; and accruals
(Sj:

Tk
1+ ALRy, = H (1 + rtjéj) 2 exp (/T r(s) ds) = 3321(1% (44)

We call X = 1+ AgRj the accumulation factor. For instance, over 91 days at a constant overnight rate
of 2% (act/360), daily compounding gives an accrual of 0.506822%, continuous compounding 0.506836%, and
simple interest 0.505556%: the continuous approximation is excellent.

Proposition 16. Fort < Ty,
P(t,Tp—1)
P(t,Ty)
B(t) 1
B(Ty-1) P(t,Ty)

t<Ty_1,
E' (X, | Fi] =
Te 1 <t<T.

Consequently, the forward compounded rate Ry, (t) = ET% [Ry | F] is a QTx-martingale on the whole interval
[0,T%], and for t < Tj_1 it is equal to the simply compounded forward rate F(t; Ty—1,Ty).

Proof. By Proposition [6]
1 B(Ty) B 1 ol B({®)
P, 51 7] = rem® 5o 17

For t < Tj_4, the last expectation is P(t,Tj—1); for t > Ty_1, B(t)/B(Tk—1) is known at ¢. The forward
rate Ry(t) = (E'¥[X} | ] — 1) /Ay is a conditional expectation, hence a martingale, and (2) gives the last
statement. O

BT (X | Fi] = EQ | D(t,T})

In a single-curve world, an RFR swap is therefore valued exactly like the IRS of Section |1} the formulas
and () still hold.
6.3 Caplets on compounded rates
A caplet on the compounded rate pays at T
NA (R, — K)" =N (X, — (1+ AK) Y,
a call on the accumulation factor with strike 1 + A, K. Using the numeraire P(-,T}), it is worth
NARP(t T E™ [(Ri(Ty) - K)T | F].

Uunlike the forward LIBOR rate, which stops moving at Ty_1, the martingale Ry(t) keeps moving during the
accrual period, until the last fixing. The forward market model of [5] takes this into account with

1 t<Tp_1,
dR. (1) = )Ry, (t) dW t)=
Ry (t) = ongr(t) Ri(t) AW, %, 9k (1) { Lt T, <t<Ty,

Tp—Tk—1

the volatility decreasing linearly to zero as the period is fixed day after day. The integrated variance seen from
t <Tp_1is 0,3 [(Tk—1 —t) + Ag/3], hence
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Caplet(t) = NALP(t, T;) Bl (Rk(t), K,01\/Th1 —t + Ap /3) . t<Th.. (45)

Inside the accrual period, Tj—1 < t < T}, the remaining variance is o7(Ty — t)*/(3A%). Compared with a
forward-looking rate fixing at Tj_1, the effective volatility is multiplied by /1 + Ay /(3(Tx—1 —t)): 1.041 for a
three-month period starting in one year.

Remarks.

e Since Xy = 1+ Ay Ry, assuming that the accumulation factor is lognormal and applying Black’s formula
to X with the strike 14+ Ax K amounts to a shifted lognormal model for Ry, with a shift 1/A,. Both are
market conventions; in practice, as for LIBOR caps since 2014, normal volatilities are widely used.

e The forward market model extends the LFM: it describes the joint dynamics of all the rates of a schedule
under a common measure, with drifts similar to those of Proposition [L5] and covers both backward-looking
(RFR) and forward-looking (Euribor) rates.

Exercises

Exercise 6.1 Forward compounded rates
(a) Prove Proposition [16]
(b) Deduce the value of a swap exchanging a fixed rate K against the compounded RFR on a schedule

{Tw,.... Ts}.

Exercise 6.2 Daily compounding

The overnight rate is constant and equal to 2% (act/360) over a period of 91 days. Compute the accrual AR
with daily compounding, with continuous compounding and with simple interest, and comment.

Exercise 6.3 Volatility of a backward-looking rate
(a) Show that ftT"' 02gx(s)%ds = 02 [(Ti—1 — t) + A /3] for t < Tj—1, and 07 (T —t)3/(3A%) for Ty—1 < t < T.
(b) With R,(0) = K = 2%, ox = 30%, Tk—1 = 1 and Ay = 0.25, compare Bl(Ry(0), K,v) for a forward-
looking rate fixing at Tj_; and for the compounded RFR.

7 Appendix

7.1 Laplace transform of a Gaussian variable

Proposition 17. If Y ~ N (u, s%), then for all A € R, E (e’\Y) — At
7.2 Linear stochastic differential equations
The following result is Problem 5.6.15 of [4]. Consider the linear SDE
dX, = [A@®) X + a(t)] dt + [o1(6) X + 02(t)] AW, X given, (46)

where A, a, 01,09 are bounded measurable functions of time. Define

Zy = exp (/Otal(s)dWS - ;/Otaf(s)ds—k/otA(s)ds) .

Then the unique solution of is

X, = 7, [Xo n /Ot a(u) = ‘7215“)02(“) du + /Ot 0227(:) qu] .

The verification by Itd’s formula is left as an exercise. The Vasicek model corresponds to A = —k, a = k6,
o1 = 0 and o2 = o, the Black-Scholes model to A = 1, a =0, 01 = 0 and g2 = 0.
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7.3 The Feynman-Kac theorem

Let X be the diffusion
dXt = /.L(t, Xt) dt + O'(t, Xt) th,

with p and o Lipschitz in z, so that the SDE has a unique strong solution. As in [FP], define for f € C1:2

of

0
£ft0) = S+ ) 9+

1, 0% f
57 (t@)@a

so that It0’s formula reads df (¢, X;) = Lf(t, X;) dt + %(t, Xi)o(t, Xi) dW,.

Theorem 4 (Feynman-Kac). Let p(t,x) be a function bounded from below and F a payoff function. Under
suitable growth conditions, the solution f of the Cauchy (terminal value) problem

‘Cf*pf:()v f(T,iL‘) :F(l'),

T
exp (/t p(s,Xs)d5> F(Xp)| X = x] .

Proof. Let M, = exp (f f: p(u, Xy) du) f(s,X) for s € [t,T]. By Ito’s formula,

AM, = e Ji P Xu)du [(ﬁf —pf) (s, Xo)ds + 2L (s, X ) (s, X,) dWS] :

is given by

f(t,z) =E

ox

If f solves the PDE, the drift vanishes and M is a local martingale, a true martingale under the growth conditions.
Then M; = E [My | F], which is the formula since M; = f(¢, X;) and My = e~ I PF(Xr). Conversely, if f is
defined by the expectation and is C*2, M is a martingale by the tower property and its drift must vanish. [

Three applications are used in these notes and in [FP]:
e p=0: E[F(Xr) | X: = x] solves Lf = 0;
e p =1 constant and X a stock under Q: the Black-Scholes PDE;

e p(t,z) =z and X = r the short rate: the bond pricing PDE (32]).

Solutions

Solutions to the Exercises

Solution 1.1

(a) 10% x 2.5% x 181/360 = 12,569.44 EUR. (b) The same interest must be obtained with 7 = 181/365:
2.5% x 365/360 = 2.5347%. (c) P = 1/(1 +2.5% x 181/360) = 0.987587 and R = — In P/(181/365) = 2.5189%.

Solution 1.2

(a) F1 =1/0.97—1 = 3.093%, F» = 0.97/0.94—1 = 3.191%, F5 = 0.94/0.91—1 = 3.297%. (b) C = 0.974+0.94+
0.91 =282 and S = (1—0.91)/2.82 = 3.191%. (c) The weights are 0.97/2.82 = 0.3440, 0.94/2.82 = 0.3333 and
0.91/2.82 = 0.3227, and 3, w; F; = 3.191%. Note that 7, P(0,T;)F; = P(0,T;_1) — P(0,T;) = 0.03 for each i.
(d) RFS =100 (3% x 2.82 — 0.09) = —0.54: the fixed rate is below the swap rate, receiving it has a negative
value. (e) The weights are positive and sum to one, so S is a convex combination of the F;. It is equal to them
when the forward curve is flat.

Solution 1.3
(a) With P = P(T;-1,T;) and L = L(T;-1,T;), 1+ L = 1/P, so nP(L-K) =1—-P —-1,KP = (1+
7.K) (ﬁ — P). Since P > 0, taking positive parts gives @ The left-hand side is the value at T;_; of

the caplet payoff, which is known at T;_; and paid at 7;. (b) Caplet by caplet, (L — K)© — (K — L)* =
L — K: the difference pays N7;(L — K) at each T;, which is the payer swap. (c¢) Same argument at T, with
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x = Cup(Ta )(Saﬁ(T ) — K): the difference pays the value at T, of the payer swap, whose value at ¢ is
NCus(t) (Sa,s K) by . d) By Proposition [7| the caplet is worth at T,

NTiP(To, TOET [(L(T;1,T0) = K)* | Fr, ],

and ET% [L(T;1,T;) | Fr,] = Fi(T.) since F; is a QTi-martingale. Jensen’s inequahty for the convex function
x + (z — K)* gives the bound. Summing over i and using the inequality (3. ;)" < 3., the value of the
cap at T, is larger than the payoff of the swaption, hence the result at any ¢t < T,.

Solution 1.4
(a) mP(0,T) = —aT — 272 so f(0,T) = a + bT, which is above R(0,T) for T > 0 since the curve is upward

sloping. (b) P(0,1) = 79922 and P(0,2) = e=%%48 50 F(0;1,2) = %026 —1 = 2.634%, close to f(0,1.5) = 2.6%:
the difference comes from simple versus continuous compounding.

Solution 2.1

(a) D(t,T) is deterministic, so it goes out of the expectation in (12). Then In P(¢t,T) —j; s)ds and
F(t.T) = —9rmP(t,T) = r(T). (b) P(t,T)/P(t,S) = exp ( 15 (s) 5) = 1/P(T, S), so that F(t, T,5) =

L (o — 1) = LT S).

Solution 2.2

(a) A stock paying a continuous dividend yield ¢: the traded asset is the stock with dividends reinvested, worth
Syedt. Tt must drift at r, hence ¢ = r—q. An exchange rate X (domestic price of one unit of foreign currency): the
traded asset is the foreign currency invested in the foreign bank account, worth X;B/(¢) in domestic currency,
hence ¢ = r — 7/ (Section . A commodity: holding it costs storage u and brings a convenience yield ¥, hence
c=r+u—y. (b) With a constant rate, P(0,7) = e~"7 and the forward measure is Q. The forward price is
EQ(St) = Spec”’, which is also the cost of the cash and carry strategy including its carry.

Solution 2.3

(a) P(0,1) = 1/1.02 = 0.980392 and P(O 2) = 15 (22 + 25) = 0.961261, slightly above 1/1.022 = 0.961169:

the forward rate is not the risk-neutral expectation of the future rate. (c) Under Q?, the probability of the state
r = 3% is -0 = 0.4951, so that EQ (r1) = 0.5049 x 1% + 0.4951 x 3% = 1.990% = F(0;1,2). This is

1/1.01+1/1.03
a first example of Proposition [} forward rates are expectations under forward measures.

by Jensen’s inequality, E ) >

Solution 3.1

(a) Sr = Spexp ((c — 20T + oWr), so Pr = Spe? and Sy = FrYr. (b) Sy > K & Wr/VT > —da,
and Wr/VT ~ N(0,1), hence Q(Sy > K) = N(da). (c) Y7 > 0 and E(Y7) = 1. The density process is
Y;, with dY; = Yo dW,, so Wy — ot is a Q%-Brownian motion by Corollary When ¢ =7, Y; = Sie™"/Sy:
by (13), Q% is the measure of the numeraire S. (d) B = FrE?[Yrlg,>k] = FrQ%(Sy > K). Under
QS, Sy = InFr + 10T + oW, hence Q5(Sy > K) = N(dp) with dp = W (e) C =
e (FrN(dg) — KN(da)). For c=r, e "' FPr = Sy and C = SyN(dy) — Ke "I N(dy).

Solution 3.2

(a) Ito’s formula with d(l/y) = —dy/y? + d {y) /y3, then the product rule, the cross term being —poxoy dt.
(b) Zp = YT@ T by (13), and Z; = Y;e= "'/ Y} satisfies dZ; = Zyoy dWY . (c) Corollarywith A = oy and the
correlations p and 1. Substituting in (a), the drift vanishes: d(X/Y) = (X/Y) (ax dWX — oy dWY), whose
volatility is ox,y. (d) By with N =Y, V = YyEY [(X7/Y7r — 1)7], which is Y, times the Black-Scholes
price of a call on an asset worth Xo/Yp, with strike 1, zero rate and volatility ox/y. (e) ox/y = 0.15m
and V = 2N(ox/y/2) — 1: 0.119 for p = —1, 0.084 for p = 0, 0.060 for p = 0.5, 0.027 for p = 0.9 and 0 for

p = 1. The option is an option on the relative performance of the two indices; the more correlated they are, the
less this relative performance moves.
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Solution 3.3

(a) S/ is a foreign traded asset; converted into domestic currency at any time, XS7 is a domestic traded
asset. Proposition [6] with N' = B and N? = XB7 gives (20). (b) The drift of Z is ux +/ —r and Z is a
martingale. Then d(1/2) = —dz/2* + d (2) /2® with dZ = ZO’X dWX gives the result (the dt term is +0%).
(c) d<Wf,1n Z’1> = —pox dt, so WI + paxt is a Q-Brownian motion by Theorem I Substituting dW/ =
dW*® — pox dt in the Q/-dynamics gives (21). (d) By ([22) with T = 1, the value is et —r—ponox) = ¢=0.02p
between 1.0202 and 0.9802. A positive correlation between the Nasdaq and the dollar lowers the price.

Solution 3.4

) By ([3) with N' = P(.,S) and N? = P(.T), the density on F is D0S) 2T — LrLBs) )
ET[L] = Esl[igﬁ(gf)] = F(qffg(z[)ﬁ] since ES[L] = F(0), and ES[L?] = Var®(L) 4+ F(0)? gives the result. Since
ET [F(T;T,S)] > F(0;T,S) as soon as L is random, F is not a Q7 -martingale. This is the convexity adjustment
of Section IE

Solution 4.1
() r(t) =0 +e M (ro —0+0c fot ek“qu>. By the product rule,

t
dr = —ke " (m -0+ o—/ ek“qu) dt + o dW; = k(0 — r) dt + o dW;.
0

(b) E[r(t)] = roe " + 6(1 — e~ *) and, by 1to’s isometry, Var(r(t)) = o2 [, e 2Ht="dy = % (1—e72). ()
The time scale is 1/k. For kt < 1, Var(r(t)) ~ 0%t and E[r(t)] ~ ro, as for ro + oW, (k = 0). For kt > 1,
the law of r(t) tends to N (0,02 /(2k)) whereas the variance of the Brownian motion grows without bound. (d)

With A(t) = —k, a(t) = k0, 01 = 0 and 09 = 0, Z; = e ¥ and 7(t) = e ¥ [ro + fot kOeF du + fot aek“qu},
which is the formula of (a).

Solution 4.2

(a) See the proof of Proposition |§|, and integrate (25)) between ¢ and T j; (s=ds = A(t,T). (b) £(0,T) —

)] = fOT (r(u) — E[r(u)]) du; the variance of this 1ntegra1 is the double integral of the covariance (Fublm)
The computation is done in Route 1 above. (c) Pr0p051t10n (d) When =Tt — 0, A~ 7 and C = O(7?),
so R(t,T) — r(t). When 7 — o0, A — 1/k and R(t,T) — Re = 0 — 02/(2k?), which does not depend on r(t).

Solution 4.3

(a) R(t T) = A(t,T)r(t)+C(t,T)/(T —t), so the Brownian part of dR(t,T) is A(t,T)o dW;. (b) The correlation
g A1A2

/2A2 2A2

model cannot produce changes of slope driven by a separate source of risk.

is = 1. All rates move in the same direction, with amplitudes decreasing with the maturity: the

Solution 4.4

In one year, the mean is 3% —2% x e 73 = 1.518% and the standard deviation 1% x /(1 — e=96)/0.6 = 0.867%,
hence N(—1.518/0.867) = N(—1.75) = 4.0%. In the long run, the law is N'(3%, (1.291%)?) and the probability
is N(—2.32) = 1.0%.

Solution 4.5

a) By (30), P(0,1) = 0.970459 and P(0, 1.5) = 0.956036, hence F(0;1,1.5) = 3.017%. (b) 0, = 1% x A(1,1.5) x

(1 —e 0 6)/0.6 = 0.403% and the caplet is 1.015 x ZBP(0,1,1.5,1/1.015) = 0.001600, a value confirmed by a

Monte Carlo simulation. (c) Solving 0.5 x P(0,1.5) BI(F, K, v) = 0.001600 gives v = 27.3%: the Vasicek model
produces a Black volatility which depends on the strike and the maturity.
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Solution 4.6

(a) As in the Vasicek case with § = 0. By Itd’s isometry, Cov(z;(t),z;(t)) = pi;joi0; jg e~ (aita)(t=w) gy —
PU (1 — e~(@tat) “and Var(r(t)) = 3, Cov(z;(t),z;(t)). (b) See the proofs in the text; the bond price

a;taj )
uses the Laplace transform of the Gaussian variable ), I;. (c) With 7 =T —t, M =7 — % +2 T +0(a®) and
M, = 1= Z;zm =T7—ar —i-Q“TT—l—O( 3),s0 T—2M + M, = “23734—0( 3)and V = a; (r 2M—|—M11) 2373.

Finally 7~ (1 — e_“T)2 — @

Solution 4.7
(a) With 7 =T —t, Oyp = (A'r + C")p, 8,p = —Ap and 9,,.p = A?p. Dividing the PDE by p,
1
r (A’ + kA + §02142 — 1) +(C" = kA) =
for all r, hence the two equations. (b) Direct differentiation (or a numerical check). When ¢ — 0, h — k and

A— 2(261:;;1) = 1_61;’”. (c) 2kf = 0.03 > 02 = 0.01: yes, the short rate stays positive.

Solution 5.1

(a) v = 0.2, d12 = £0.1 and Bl = 0.03 (N(0.1) — N(-0.1)) = 0.0023897, so the caplet is worth 107 x 0.5 x
0.955 x 0.0023897 = 11,411. (b) Caplet minus floorlet is the FRA, worth N7P(0,5)(F — K) = 0 at the money:
the floorlet is also worth 11,411. (c) The rate is random until its fixing date T only; the payment at S is taken
into account by the discount factor P(0,S), and 7 multiplies the payoff.

Solution 5.2

(a) F(T) = F(t)+onVT — t G with G ~ N(0,1). Withs = onVT —t, E[(F(t) — K + sG)T] = [(F(t)- K+
sg)n(g) dg = (F(t) — K)N(d) + sn(d), since [~ gn(g) dg = n(d). (b) At the money, d = 0 and n(0) = 1/v2m.
In Black’s formula at the money, F'(N(v/2) — N(—v/2)) ~ Fvn(0) for small v. Hence on =~ Fa: a 20%
lognormal volatility on a 3% rate corresponds to a normal volatility of 60 basis points per year.

Solution 5.3

(a) Proposition (15| with k =1 < i = 2: dFy = o1 F} ( %dt + de) (b) The frozen drift of dFy/F} is

—0.2 x 0.8 x 0.2 x 0.03/1.03 = —0.093% per year, hence E? [} (1)] = 3% x e~9-90093 = 2.9972%: the adjustment
is only —0.28 basis point, which explains why the frozen drift approximation works well.

Solution 5.4
(a) The in-arrears payment is worth 7P(¢, T)ET[L(T, S) | 7] and, from the text, TP(t,S)F(t) (1 + TF(t)e“2).

Since P(t,S)/P(t,T) = 1/(1 + 7F(t)), ET[L] = % - F+ % In Exercise , Var®(L) =

F2(e”2 — 1) for a lognormal L, which gives the same result. (b) 0.03%(¢®* — 1)/1.03 = 4.3 basis points, and
0.03%(e%45 — 1)/1.03 = 5.0 basis points.

Solution 6.1

(a) See the proof in the text. (b) For t < T,, the floating payment at T} is worth NA,P(¢t,Ty)Ri(t) =
N (P(t,Ty—1) — P(t,Tx)), so that the receiver swap is worth N [KC, 5(t) — (P(t,To) — P(t,T3))], as in (3).
Solution 6.2

Daily: (1 +0.02/360)°! — 1 = 0.506822%. Continuous: e*02x91/360 _ 1 — (.506836%. Simple: 0.02 x 91/360 =
0.505556%. The difference between daily and continuous compounding is negligible (about 0.01 basis point),

which justifies (44).

Solution 6.3

2 2
On [Ty_1,Tx], T’“ Ti=s) s = Ak and more generally Do (Tims )" gg = (T’“}t)s. b) Forward-looking;:
o\ A% 3 t A 3A
d k

v =0.3 and Bl = 0.0023847. Compounded RFR: v = 0.34/1 + 0.25/3 = 0.3122 and Bl = 0.0024813, about 4%
more.
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