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Chapter 1

TD1: the Ornstein-Uhlenbeck process and

the Vasicek model

Related reading: [Notes, Sections 4.1 and 4.2].

Let r be the solution of the stochastic di�erential equation

dr(t) = k (θ − r(t)) dt+ σ dWt, r(0) = r0, (1.1)

where W is a standard Brownian motion and k, θ, σ are positive constants. Throughout the chapter,
A(k, u) := 1

k

(
1− e−ku

)
.

1.1 The Ornstein-Uhlenbeck process

Exercise 1.1 Exponentially weighted moving average of a Brownian motion

Let I(t, T ) :=
∫ T
t e−k(T−s)dWs for t ≤ T .

(a) Show that E (I(t, T ) | Ft) = 0 and Var (I(t, T ) | Ft) = A(2k, T − t).

(b) Study the asymptotic behaviour of this variance when T → t and when T → +∞.

Exercise 1.2 Solving the SDE

For t ≤ T , de�ne r(T ) = θ + (r(t)− θ) e−k(T−t) + σI(t, T ).

(a) Using Itô's lemma, check that r solves (1.1).

(b) Using the change of variables Y (t) = ekt (r(t)− θ), show that (1.1) can be integrated and that
its solution is given by the above formula.

(c) Show that E (r(T ) | r(t)) = θ + (r(t)− θ) e−k(T−t) and Var (r(T ) | r(t)) = σ2A(2k, T − t).

(d) Show that, for s, u ≥ t,

γ(t, s, u) := Cov (r(s), r(u) | r(t)) = σ2E (I(t, s)I(t, u)) =
σ2

2k
e−k(s+u)

(
e2k(s∧u) − e2kt

)
.

1.2 The integrated short rate

Exercise 1.3 Mean and variance of the integrated short rate

De�ne ξ(t, T ) =
∫ T
t r(s) ds.

(a) Show that E (ξ(t, T ) | r(t)) = θ(T − t) + (r(t)− θ)A(k, T − t).

(b) Show that Var (ξ(t, T ) | r(t)) =
∫ T
t

∫ T
t γ(t, s, u) ds du.
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(c) Show that Var (ξ(t, T ) | r(t)) = σ2

k2

∫ T
t

[
1− 2e−k(u−t) + e−2k(u−t)

]
du.

(d) Deduce that

V (t, T ) := Var (ξ(t, T ) | r(t)) = σ2

2k3

[
2k(T − t)− 3 + 4e−k(T−t) − e−2k(T−t)

]
.

1.3 Zero-coupon rates

Exercise 1.4 Zero-coupon rate and covariance structure

The zero-coupon price and the zero-coupon rate are

P (t, T ) = E
(
e−ξ(t,T ) | Ft

)
, R(t, T ) := − 1

T − t
lnP (t, T ).

(a) Show that R(t, T ) = Ā(k, T − t)r(t) +B(t, T ) with

Ā(k, T − t) =
1

T − t
A(k, T − t),

(T − t)B(t, T ) =

(
θ − σ2

2k2

)
((T − t)−A(k, T − t)) +

σ2

4k
A(k, T − t)2.

(b) Show that
d ⟨R(·, T1), R(·, T2)⟩t = σ2Ā(k, T1 − t)Ā(k, T2 − t) dt.

(c) Deduce that the instantaneous correlation between dR(t, T1) and dR(t, T2) is equal to 1. Com-
ment on the covariance structure of the yield curve in a one-factor Vasicek model.
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Chapter 2

TD2: expectation calculations with

change of measure

Related reading: [Notes, Section 3]. The cheatsheet of Appendix A is useful throughout this session.

In this chapter, N(x) = E (1G≤x) where G ∼ N (0, 1), and interest rates are constant.

2.1 The Black-Scholes formula

Exercise 2.1 Black-Scholes formula by change of measure

Let dSt = St (r dt+ σ dWt) where W is a Q-standard Brownian motion. We want to compute

E
[
(ST −K)+

]
= E [ST1ST≥K ]︸ ︷︷ ︸

B

−E [K1ST≥K ]︸ ︷︷ ︸
A

.

(a) Show that St = S0 exp
(
(r − σ2

2 )t+ σWt

)
law
= S0 exp

(
(r − σ2

2 )t+ σ
√
tG
)
.

(b) Show that A = KN(dA) with dA =
ln(S0/K)+(r−σ2

2
)T

σ
√
T

.

(c) Let ZT := ST e−rT

S0
.

(i) Show that QS de�ned by dQS

dQ = ZT is a probability equivalent to Q.
(ii) Show that dZt = Ztσ dWt.

(iii) Show that dSt = St

(
(r + σ2)dt+ σ dWS

t

)
where WS is a QS-standard Brownian motion.

(d) Show that B = S0e
rTQS(ST ≥ K) = S0e

rTN(dB) with dB =
ln(S0/K)+(r+σ2

2
)T

σ
√
T

.

(e) Deduce the Black-Scholes formula for the price e−rTE [(ST −K)+] of the call.

2.2 The Margrabe formula

Exercise 2.2 Exchange option

Let

dXt = Xt

(
r dt+ σX dWX

t

)
,

dYt = Yt
(
r dt+ σY dW Y

t

)
,

with d
〈
WX ,W Y

〉
t
= ρ dt. We want to compute the value of the exchange option V = E [(XT − YT )

+],

rewritten as V = E
[
YT

(
XT
YT

− 1
)+]

.
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(a) Show that d
(

1
Yt

)
= 1

Yt

(
−(r − σ2

Y ) dt− σY dW Y
t

)
.

(b) Show that d
(
Xt
Yt

)
= Xt

Yt

(
(σ2

Y − ρσXσY ) dt+ σX dWX
t − σY dW Y

t

)
.

(c) De�ne the density ZT := YT e−rT

Y0
and P 2 the corresponding probability.

(i) Show that dZt = ZtσY dW Y
t .

(ii) Show that W 2,X
t = WX

t −ρσY t and W 2,Y
t = W Y

t −σY t are P
2-standard Brownian motions.

(iii) Show that d
(
Xt
Yt

)
= Xt

Yt

(
σX dW 2,X

t − σY dW 2,Y
t

)
= Xt

Yt
σX/Y dW 2

t with σ2
X/Y = σ2

X + σ2
Y −

2ρσXσY and W 2 a P 2-standard Brownian motion.

(d) Show that V = Y0e
rTEP 2

[(M − 1)+] where M
law
= X0

Y0
exp

(
−1

2σ
2
X/Y T + σX/Y

√
TG
)
.

(e) Show that e−rTV is Y0 times the Black-Scholes price of a call with spot X0/Y0, strike 1, volatility
σX/Y and zero interest rate.

(f) Application. LetX be the Nasdaq and Y the S&P 500, both with a volatility of 15%, X0 = Y0 = 1
and T = 1. Graph the price as a function of ρ and comment.

2.3 Foreign assets and quanto adjustment

Exercise 2.3 Quanto adjustment

Let Sf be a foreign asset denominated in a foreign currency, and Xf
t the value of one unit of foreign

currency in domestic currency. Quantities with exponent f refer to the foreign economy: Bf is the
foreign bank account and B the domestic one. Recall that the bank account has no Brownian part.

(a) Explain why Sf

Bf is a Qf -martingale and why SfXf

B is a Q-martingale.

(b) Show that Zt =
Xf

t B
f
t

Xf
0Bt

is the density process of Qf with respect to Q.

(c) Let dXf
t = Xf

t (µX dt+ σX dWt), where W is a Q-Brownian motion.

(i) Show that necessarily µX = r − rf .

(ii) Show that d
(
Z−1
t

)
= Z−1

t

(
σ2
X dt− σX dWt

)
.

(d) Let dSf
t = Sf

t

(
rfdt+ σS dW f

t

)
, where W f is a Qf -Brownian motion with d

〈
W f ,W

〉
t
= ρ dt.

(i) Show that dW 2
t = dW f

t + ρσX dt de�nes a Q-standard Brownian motion.

(ii) Show that dSf
t = Sf

t

(
(rf − ρσSσX) dt+ σS dW 2

t

)
.

(e) Application. Let Nt be the value of the (USD denominated) Nasdaq and It = Nt/N0.

(i) What is the value today of receiving I1 EUR in one year?

(ii) Compute it as a function of ρ for r = rf = 0, σN = 20% and σUSD/EUR = 10%. Comment.
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Chapter 3

TD3: rehearsal before exam

Related reading: [Notes, Sections 2 to 4].

3.1 Vasicek model

The short rate at date t is denoted r(t) and is the solution of

dr(t) = k (θ − r(t)) dt+ σ dW (t), r(0) = r0. (3.1)

Exercise 3.1

Show that rt = r0e
−kt + θ

(
1− e−kt

)
+ σ

∫ t
0 e

−k(t−u)dWu is a solution of (3.1).

Exercise 3.2

Prove that:

(a) E (rt) = r0e
−kt + θ

(
1− e−kt

)
;

(b) Var (rt) =
σ2

2k

(
1− e−2kt

)
.

Exercise 3.3

Discuss the behaviour of r(t) for �small� t and �large� t. Characterise what is small and large, and
compare with the Brownian case (k = 0).
De�ne the integrated short rate X(t) :=

∫ t
0 r(s) ds.

Exercise 3.4

Explain why X(t) is a Gaussian process. Show that

E (X(t)) = θt− (θ − r0)
1− e−kt

k
.

Exercise 3.5

Note ϕ(u, v) := Cov (ru, rv) and de�ne y(t) :=
∫ t
0 e

−k(t−u)dWu. Show that ϕ(u, v) = σ2E (y(u)y(v)),
then that

ϕ(u, v) =
σ2

2k
e−k(u+v)

(
e2k(u∧v) − 1

)
.
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Exercise 3.6

We want to compute Var (Xt).

(a) Explain why Var (Xt) = σ2Var
(∫ t

0 y(s) ds
)
.

(b) Show that Var (Xt) =
∫ t
0

∫ t
0 ϕ(u, v) du dv.

(c) Prove that Var (X(t)) = σ2

2k3

(
2kt− 3 + 4e−kt − e−2kt

)
.

Exercise 3.7

Explain why the price of the zero-coupon bond of maturity T is P (T ) = E (exp (−X(T ))), the expec-
tation being taken under the risk-neutral probability. Thanks to the previous computations, compute
this price as a function of k, θ, σ, r0 and T .

3.2 Around the Black-Scholes formula

Consider a situation where there is one riskless rate r and where the dynamics of some underlying
price under the risk-neutral probability Q is

dSt = St (c dt+ σ dWt) , S0 = 1,

where W is a standard Brownian motion, σ the volatility and c the cost of carry of the underlying.
De�ne the forward price of maturity T as FT ≡ EQ(ST ) and Y a process similar to S but without
trend:

dYt = Ytσ dWt, Y0 = 1.

We want to compute the price of a call option of strike K and maturity T on ST :

C = e−rTEQ [(ST −K)+
]
= e−rT (B −A) , B ≡ EQ [ST1ST≥K ] , A ≡ EQ [K1ST≥K ] .

Exercise 3.8

Discuss the value of c with respect to r when S is (a) a stock paying dividends, (b) an exchange rate,
(c) a commodity contract.

Exercise 3.9

(a) Integrate ST and YT .

(b) Compute FT as a function of c and T .

(c) Show that ST = FTYT .

(d) Show that A = KN(dA) with dA =
ln(FT /K)−σ2

2
T

σ
√
T

.

(e) Show that QS de�ned by dQS

dQ = YT is a probability equivalent to Q.

(f) Show that WS
t ≡ Wt − σt is a QS-standard Brownian motion.

(g) Show that dYt = Yt
(
σ2dt+ σ dWS

t

)
.

(h) Show that B = FTQS(ST ≥ K) = FTN(dB) with dB =
ln(FT /K)+σ2

2
T

σ
√
T

.
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Exercise 3.10

(a) Thanks to the above, write C as a function of FT , K, r, σ and T .

(b) Check that when c = r the usual Black-Scholes formula is recovered.

3.3 Hull-White model

The short rate is modelled as r(t) =
∑n

i=1 xi(t) + φ(t), where

dxi(t) = −aixi(t) dt+ σi dWi(t), xi(0) = 0,

with d ⟨Wi,Wj⟩t = ρij dt (ρii = 1), and φ is a deterministic function such that φ(0) = r(0). In the
Vasicek model, n = 1 and φ(t) = r0e

−kt + θ
(
1− e−kt

)
.

Exercise 3.11

Demonstrate the following relationships:

xi(t) = σi

∫ t

0
e−ai(t−u)dWi(u),

E (xi(t) | Fu) = xi(u)e
−ai(t−u), u ≤ t,

Var (xi(t)) =
σ2
i

2ai

(
1− e−2ait

)
,

Cov (xi(t), xj(t)) =
ρijσiσj
ai + aj

(
1− e−(ai+aj)t

)
,

γij(t, s, u) := Cov (xi(s), xj(u) | Ft) =
ρijσiσj
ai + aj

e−aise−aju
(
e(ai+aj)(s∧u) − e(ai+aj)t

)
,

Var (r(t)) =
n∑

i=1

Var (xi(t)) + 2
∑
i<j

Cov (xi(t), xj(t)) .

Exercise 3.12

Let Ii(t, T ) ≡
∫ T
t xi(u) du and Mi(t, T ) =

1−e−ai(T−t)

ai
. Show that, conditionally on Ft, the Ii(t, T ) are

Gaussian with E (Ii(t, T ) | Ft) = Mi(t, T )xi(t) and

Var (Ii(t, T ) | Ft) =
σ2
i

a2i

(
T − t+

2

ai
e−ai(T−t) − 1

2ai
e−2ai(T−t) − 3

2ai

)
,

Cov (Ii(t, T ), Ij(t, T ) | Ft) =
ρijσiσj
aiaj

[
(T − t) +

e−ai(T−t) − 1

ai
+

e−aj(T−t) − 1

aj

− e−(ai+aj)(T−t) − 1

ai + aj

]
,

and deduce

V (t, T ) ≡ Var

(∑
i

Ii(t, T ) | Ft

)
=
∑
i

Var (Ii(t, T ) | Ft) + 2
∑
i<j

Cov (Ii(t, T ), Ij(t, T ) | Ft) .

Exercise 3.13

(a) Show that the price of the zero-coupon bond is

P (t, T ) = exp

{
−ϕ(t, T )−

n∑
i=1

Mi(t, T )xi(t) +
1

2
V (t, T )

}
, ϕ(t, T ) ≡

∫ T

t
φ(u) du.

8 2026-2027



University of Paris 1 Panthéon-Sorbonne Interest Rate Models � TD Book

(b) Show that ϕ is characterised by the following relationship between today's discount factors, and
comment:

exp (−ϕ(t, T )) =
P (0, T )

P (0, t)
exp

(
−1

2
(V (0, T )− V (0, t))

)
.

(c) Prove that

P (t, T ) =
P (0, T )

P (0, t)
exp

(
−

n∑
i=1

Mi(t, T )xi(t) +
1

2
∆V (t, T )

)
with ∆V (t, T ) ≡ V (t, T ) + V (0, t)− V (0, T ).

3.4 Greeks, change of measure and a point mass at the strike

In the Black-Scholes model with interest rate r, write ST = S0X with X = exp
(
(r − σ2

2 )T + σWT

)
under Q, and let C(S0) = e−rTEQ [(S0X −K)+] be the price of a call. Let Y = e−rTX and pX the
density of X.

Exercise 3.14 Delta and Gamma of a call

(a) Show that the Delta of the call can be written as

∆(S0) :=
∂C

∂S0
(S0) = EQ [Y 1{ST>K}

]
.

Justify carefully the di�erentiation under the expectation.

Let (δε)ε>0 be the family of functions de�ned by δε(u) =
1
2ε if |u| < ε and 0 otherwise.

(b) Show that
∫
R δε(u) du = 1.

(c) Show that, for any continuous function g, limε→0

∫
R g(u)δε(u− a) du = g(a).

The formal limit of δε(· − a) is the Dirac mass δa, which satis�es
∫
g(u)δa(u) du = g(a).

(d) Admitting that the derivative, in the above limiting sense, of u 7→ 1{u>0} is δ0, show that
d

dS0
1{S0X>K} = Xδ0(S0X −K).

(e) Deduce that the Gamma of the call satis�es

Γ(S0) :=
∂2C

∂S2
0

(S0) = e−rTEQ [X2δ0(S0X −K)
]
.

(f) Using the de�ning property of the Dirac mass and the density pX , show that

Γ(S0) = e−rT K
2

S3
0

pX

(
K

S0

)
.

(g) Check that this is the Black-Scholes Gamma n(d1)

S0σ
√
T
, where n is the standard normal density.

(h) Explain brie�y why this result shows that the Gamma of a call option is concentrated around
the strike.
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Appendix A

Stochastic calculus cheatsheet

Change of measure. Let P 1 be a probability and P 2 an equivalent one with density process Zt =
dP 2

dP 1

∣∣∣
Ft

. Then M is a P 2-martingale if and only if ZM is a P 1-martingale.

Girsanov. Let W 1 be a P 1-standard Brownian motion and Z as above. Then W 2
t = W 1

t −
∫ t
0

d⟨Z,W 1⟩
s

Zs

is a P 2-standard Brownian motion. If dZt = Ztλt dWt with d
〈
W,W 1

〉
t
= ρt dt, then

d⟨Z,W 1⟩
t

Zt
=

ρtλt dt.

Product rule. For two di�usions X and Y , d(XtYt) = Xt dYt + Yt dXt + d ⟨X,Y ⟩t.

Itô, one dimension. df(t,Xt) =
∂f
∂t dt+

∂f
∂xdXt +

1
2
∂2f
∂x2 d ⟨X⟩t.

Itô, two dimensions.

df(Xt, Yt) =
∂f

∂x
dXt +

∂f

∂y
dYt +

1

2

∂2f

∂x2
d ⟨X⟩t +

1

2

∂2f

∂y2
d ⟨Y ⟩t +

∂2f

∂x∂y
d ⟨X,Y ⟩t .

Itô, n dimensions. Let W be an n-dimensional standard Brownian motion and dXt = µdt+ σ dWt,
with µ ∈ Rn and σ an n× n matrix. For f : Rn → R with gradient ∇f and Hessian Hf ,

df = ∇f⊤dXt +
1

2
dX⊤

t Hf dXt =

(
∇f⊤µ+

1

2
tr
(
σ⊤Hfσ

))
dt+∇f⊤σ dWt.

Itô's isometry. For deterministic (or adapted, square integrable) g, h and Brownian motions with

d ⟨W,W ′⟩t = ρ dt, E
[∫ t

0 g(s) dWs

∫ t
0 h(s) dW

′
s

]
= ρ

∫ t
0 g(s)h(s) ds.

Gaussian Laplace transform. If G ∼ N (µ, s2), E
(
eλG
)
= eλµ+

1
2
λ2s2 .
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Solutions

TD1: the Ornstein-Uhlenbeck process and the Vasicek model

Solution 1.1

(a) I(t, T ) is the stochastic integral of a deterministic function on [t, T ]: it is independent of Ft

and Gaussian with mean zero. By Itô's isometry, Var (I(t, T )) =
∫ T
t e−2k(T−s)ds = 1−e−2k(T−t)

2k =
A(2k, T − t).

(b) When T → t, A(2k, T − t) ∼ T − t: the variance is that of the Brownian increment WT −Wt.
When T → +∞, it tends to 1/(2k): the exponential weighting forgets the old shocks and the variance
remains bounded.

Solution 1.2

(a) As a function of T , r(T ) = θ + e−kT
[
(r(t)− θ) ekt + σ

∫ T
t eksdWs

]
. By the product rule,

dr(T ) = −ke−kT

[
(r(t)− θ) ekt + σ

∫ T

t
eksdWs

]
dT + σ dWT = k (θ − r(T )) dT + σ dWT ,

and the formula gives r(t) for T = t.
(b) dY (t) = ekt (k (r(t)− θ) dt+ dr(t)) = σektdWt: the drift cancels. Hence Y (T ) = Y (t) +

σ
∫ T
t eksdWs, and multiplying by e−kT gives the formula.
(c) The �rst two terms are known at t and I(t, T ) is independent of Ft, with mean zero and variance

A(2k, T − t) by the previous exercise.
(d) Only the random terms contribute to the covariance. By Itô's isometry, E (I(t, s)I(t, u)) =∫ s∧u

t e−k(s−v)e−k(u−v)dv = e−k(s+u) e2k(s∧u)−e2kt

2k .

Solution 1.3

(a) Integrate the conditional mean of Exercise 1.2(c):
∫ T
t e−k(s−t)ds = A(k, T − t).

(b) ξ(t, T ) − E (ξ(t, T ) | r(t)) = σ
∫ T
t I(t, s) ds. Its variance is E

[∫ T
t

∫ T
t σ2I(t, s)I(t, u) ds du

]
=∫ T

t

∫ T
t γ(t, s, u) ds du by Fubini's theorem.
(c) The integrand is symmetric in (s, u) and s ∧ u = s on {s < u}, so the integral is twice the

integral over this half-square:

V =
σ2

k

∫ T

t
e−ku

[∫ u

t

(
eks − e2kte−ks

)
ds

]
du =

σ2

k2

∫ T

t
e−ku

[(
eku − ekt

)
+ e2kt

(
e−ku − e−kt

)]
du

=
σ2

k2

∫ T

t

[
1− 2e−k(u−t) + e−2k(u−t)

]
du.

(d) The three terms integrate to T − t, −2A(k, T − t) = 1
2k

(
4e−k(T−t) − 4

)
and A(2k, T − t) =

1
2k

(
1− e−2k(T−t)

)
, which gives the result.

11
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Solution 1.4

(a) ξ(t, T ) is Gaussian conditionally on Ft, so P (t, T ) = exp
(
−ξ̄ + 1

2V
)
with ξ̄ and V from Exercise 1.3.

Write τ = T − t and A = A(k, τ). Since e−kτ = 1− kA, 2kτ − 3 + 4e−kτ − e−2kτ = 2k(τ −A)− k2A2,

hence 1
2V = σ2

2k2
(τ −A)− σ2

4kA
2 and

− lnP (t, T ) = ξ̄ − 1

2
V = Ar(t) +

(
θ − σ2

2k2

)
(τ −A) +

σ2

4k
A2.

Dividing by τ gives the result. When τ → ∞, R tends to θ − σ2/(2k2).
(b) B(t, T ) and Ā are deterministic, so the Brownian part of dR(t, T ) is Ā(k, T − t)σ dWt, and the

cross-variation is the product of the two coe�cients.
(c) The correlation is σ2Ā1Ā2√

σ2Ā2
1 σ

2Ā2
2

= 1. All rates are driven by the same Brownian motion: they

move in the same direction, with amplitudes decreasing with the maturity (Ā decreases from 1 to
0). The curve cannot twist: changes of slope independent of the level require several factors [Notes,
Section 4.8].

TD2: expectation calculations with change of measure

Solution 2.1

(a) By Itô's formula, d lnSt = (r − σ2

2 )dt+ σ dWt, and Wt
law
=

√
tG.

(b) ST ≥ K ⇔ G ≥ −dA, so A = KQ(G ≥ −dA) = KN(dA) by symmetry of the normal law.

(c) (i) ZT > 0 and E(ZT ) = E
(
eσWT−σ2T/2

)
= 1. (ii) Zt = E(ZT | Ft) = Ste

−rt/S0 since

discounted prices are Q-martingales, and d(Ste
−rt) = Ste

−rtσ dWt. (iii) By Girsanov's theorem, WS
t =

Wt − σt is a QS-Brownian motion; substitute dWt = dWS
t + σ dt.

(d) B = S0e
rTE [ZT1ST≥K ] = S0e

rTQS(ST ≥ K). Under QS , lnST = lnS0 + (r + σ2

2 )T + σWS
T ,

hence QS(ST ≥ K) = N(dB).
(e) e−rT (B − A) = S0N(dB)−Ke−rTN(dA): this is the Black-Scholes formula with d1 = dB and

d2 = dA = d1 − σ
√
T .

Solution 2.2

(a) d(1/y) = −dy/y2 + d ⟨y⟩ /y3, with d ⟨Y ⟩ = σ2
Y Y

2dt.
(b) By the product rule, d(X/Y ) = X d(1/Y )+ 1

Y dX+d ⟨X, 1/Y ⟩, and d ⟨X, 1/Y ⟩ = −X
Y ρσXσY dt;

the terms in r cancel.
(c) (i) Zt = Yte

−rt/Y0 is a positive Q-martingale with Z0 = 1, and dZt = ZtσY dW Y
t . (ii)

By Girsanov's theorem, W − ⟨W, lnZ⟩ is a P 2-Brownian motion, with d
〈
WX , lnZ

〉
= ρσY dt and

d
〈
W Y , lnZ

〉
= σY dt. (iii) Substituting in (b), the drift becomes σ2

Y − ρσXσY + ρσXσY − σ2
Y = 0.

The martingale σXW 2,X − σY W
2,Y has quadratic variation σ2

X/Y t; divided by σX/Y , it is a Brownian
motion by Lévy's characterisation.

(d) V = E [YT (XT /YT − 1)+] = Y0e
rTE [ZT (XT /YT − 1)+] = Y0e

rTEP 2
[(M − 1)+] with M =

XT /YT , which is lognormal under P 2 by (c).
(e) EP 2

[(M − 1)+] is the Black-Scholes price with zero rate of a call with spot X0/Y0 and strike

1, hence e−rTV = X0N(d1)− Y0N(d2) with d1,2 =
ln(X0/Y0)± 1

2
σ2
X/Y

T

σX/Y

√
T

.

(f) σX/Y = 0.15
√

2(1− ρ) and the price is 2N(σX/Y /2) − 1: 0.119 for ρ = −1, 0.084 for ρ = 0,
0.060 for ρ = 0.5, 0.027 for ρ = 0.9 and 0 for ρ = 1.
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The option pays the relative outperformance of the Nasdaq over the S&P 500. The more correlated
the two indices, the less their ratio moves, and the cheaper the option; it is worthless when ρ = 1,
since the two indices then move together.

Solution 2.3

(a) Sf is a traded foreign asset: in units of the foreign bank account, its price is a martingale under
the foreign risk-neutral measure. Since it can be converted into domestic currency at any time, SfXf

is the price of a domestic traded asset, hence SfXf/B is a Q-martingale.
(b) Z is positive with Z0 = 1, and it is a Q-martingale by (a) applied to Sf = Bf . For any foreign

asset, Sf

Bf Z = SfXf

Xf
0B

is a Q-martingale, so Sf/Bf is a Qf -martingale (a process M is a Qf -martingale

if and only if MZ is a Q-martingale). Hence Z is the density process of Qf .
(c) (i) By Itô's formula, dZt = Zt

(
(µX + rf − r) dt+ σX dWt

)
, and Z is a martingale: µX = r−rf .

(ii) d(1/z) = −dz/z2 + d ⟨z⟩ /z3 with dZ = ZσX dW gives d(Z−1) = Z−1
(
−σX dW + σ2

X dt
)
.

(d) (i) Z−1 is the density process of Q with respect to Qf . By Girsanov's theorem, W f −〈
W f , lnZ−1

〉
is a Q-Brownian motion, with d

〈
W f , lnZ−1

〉
= −ρσX dt (quadratic covariations do

not depend on the measure). (ii) Substitute dW f = dW 2 − ρσX dt.

(e) (i) With Sf = N , the value is e−rEQ(I1) = er
f−r−ρσNσX . (ii) e−0.02ρ: 1.0202 for ρ = −1, 1.0101

for ρ = −0.5, 1 for ρ = 0, 0.9900 for ρ = 0.5 and 0.9802 for ρ = 1. When the Nasdaq tends to rise
together with the dollar (ρ > 0), its value in euros gains on both legs; since this value must grow at
the euro rate under Q, the Nasdaq performance itself grows more slowly, and the quanto payo�, which
ignores the currency, is cheaper.

TD3: rehearsal before exam

Solution 3.1

This is Exercise 1.2(a) with t = 0: by the product rule applied to rt = θ+e−kt
(
r0 − θ + σ

∫ t
0 e

kudWu

)
,

drt = k(θ − rt) dt+ σ dWt.

Solution 3.2

(a) The stochastic integral has mean zero. (b) By Itô's isometry, Var(rt) = σ2
∫ t
0 e

−2k(t−u)du =
σ2

2k

(
1− e−2kt

)
.

Solution 3.3

The time scale is 1/k. For kt ≪ 1, E(rt) ≈ r0 and Var(rt) ≈ σ2t: the short rate behaves like r0+σWt,
which is exactly the case k = 0. For kt ≫ 1, the law of rt tends to N

(
θ, σ2/(2k)

)
: the initial value

is forgotten and the variance is bounded, whereas the variance of the Brownian motion grows without
bound.

13 2026-2027



University of Paris 1 Panthéon-Sorbonne Interest Rate Models � TD Book

Solution 3.4

r is a Gaussian process (an a�ne function of a Wiener integral with a deterministic integrand) and
X(t) is a limit of linear combinations of its values, hence Gaussian. Integrating (a) of the second

exercise of this section, E(X(t)) =
∫ t
0

(
θ + (r0 − θ)e−ks

)
ds = θt− (θ − r0)

1−e−kt

k .

Solution 3.5

ru − E(ru) = σy(u), hence the �rst equality. By Itô's isometry,

E (y(u)y(v)) =

∫ u∧v

0
e−k(u−s)e−k(v−s)ds = e−k(u+v) e

2k(u∧v) − 1

2k
.

This is Exercise 1.2(d) with t = 0.

Solution 3.6

(a) Xt − E(Xt) = σ
∫ t
0 y(s) ds. (b) The variance of an integral is the double integral of the covariance

(Fubini's theorem). (c) See Exercise 1.3(c) and (d) with t = 0.

Solution 3.7

Under the risk-neutral probability, the price of a payo� is the expectation of its value discounted
with the bank account, and the zero-coupon pays 1 at T . Since X(T ) is Gaussian, the price is
exp

(
−E(X(T )) + 1

2 Var(X(T ))
)
, that is

P (T ) = exp

(
−θT + (θ − r0)

1− e−kT

k
+

σ2

4k3

(
2kT − 3 + 4e−kT − e−2kT

))
.

Solution 3.8

(a) With a continuous dividend yield q, the stock with reinvested dividends Ste
qt is traded and drifts

at r: c = r− q. (b) Holding the foreign currency means investing it at the foreign rate: c = r− rf . (c)
Holding a commodity costs storage u and brings a convenience yield y: c = r + u− y.

Solution 3.9

(a) ST = exp
(
(c− σ2

2 )T + σWT

)
and YT = exp

(
−σ2

2 T + σWT

)
. (b) FT = ecT . (c) Immediate from

(a) and (b). (d) ST ≥ K ⇔ WT /
√
T ≥ −dA, hence A = KN(dA). (e) YT > 0 and E(YT ) = 1. (f)

The density process is Yt and dYt = Ytσ dWt, so by Girsanov's theorem Wt − σt is a QS-Brownian
motion. (g) Substitute dWt = dWS

t + σ dt. (h) B = FTE [YT1ST≥K ] = FTQS(ST ≥ K), and under

QS , lnST = lnFT + σ2

2 T + σWS
T .

Solution 3.10

(a) C = e−rT (FTN(dB)−KN(dA)): this is Black's formula applied to the forward price. (b) When
c = r (and S0 = 1), e−rTFT = S0 and C = S0N(d1)−Ke−rTN(d2) with d1 = dB and d2 = dA.

Solution 3.11

Each xi is an Ornstein-Uhlenbeck process with θ = 0 and xi(0) = 0: the �rst two relations follow
from Exercise 1.2. By Itô's isometry with correlated Brownian motions, Cov (xi(s), xj(u) | Ft) =
ρijσiσj

∫ s∧u
t e−ai(s−v)e−aj(u−v)dv, which gives γij , and the two previous lines for t = 0 and s = u. The

last line is the variance of a sum, φ being deterministic.
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Solution 3.12

Integrating xi(u) = xi(t)e
−ai(u−t) + σi

∫ u
t e−ai(u−s)dWi(s) and exchanging the integrals (stochastic

Fubini theorem),

Ii(t, T ) = Mi(t, T )xi(t) + σi

∫ T

t
Mi(s, T ) dWi(s).

Hence the conditional mean, and by Itô's isometry, with τ = T − t,

Cov (Ii, Ij | Ft) = ρijσiσj

∫ T

t
Mi(s, T )Mj(s, T ) ds =

ρijσiσj
aiaj

∫ τ

0

(
1− e−aiv

) (
1− e−ajv

)
dv,

which gives the covariance. For i = j (ρii = 1), the bracket becomes τ− 2
ai
(1− e−aiτ )+ 1

2ai

(
1− e−2aiτ

)
,

which is the variance formula. The last formula is the variance of a sum.

Solution 3.13

(a)
∫ T
t r(u) du = ϕ(t, T )+

∑
i Ii(t, T ) is Gaussian conditionally on Ft, with mean ϕ(t, T )+

∑
iMixi(t)

and variance V (t, T ); use E
(
e−G

)
= e−E(G)+ 1

2
Var(G) for a Gaussian G.

(b) At t = 0, xi(0) = 0 and P (0, T ) = exp
(
−ϕ(0, T ) + 1

2V (0, T )
)
, and similarly for P (0, t). Since

ϕ(t, T ) = ϕ(0, T ) − ϕ(0, t), the ratio gives the relation. Whatever the shape of today's curve, the
deterministic function φ can be chosen to reproduce it exactly: the model is calibrated to the initial
curve by construction.

(c) Substitute (b) into (a).

Solution 3.14

(a) For each ω, S0 7→ (S0X − K)+ is di�erentiable except at S0 = K/X (an event of probability
zero for a given S0), with derivative X1{S0X>K}. Its di�erence quotients are bounded by X, which
is integrable, so the dominated convergence theorem allows the di�erentiation under the expectation:
∆ = e−rTE

[
X1{ST>K}

]
= E

[
Y 1{ST>K}

]
.

(b)
∫
δε = 2ε× 1

2ε = 1.

(c)
∫
g(u)δε(u− a) du = 1

2ε

∫ a+ε
a−ε g(u) du is the mean of g on [a− ε, a+ ε], which tends to g(a) by

continuity.
(d) Chain rule: the derivative of S0 7→ 1{S0X−K>0} is δ0(S0X −K)×X.

(e) Di�erentiate ∆ = e−rTE
[
X1{S0X>K}

]
with (d).

(f) With the change of variable u = S0x,

E
[
X2δ0(S0X −K)

]
=

∫
x2δ0(S0x−K)pX(x) dx =

∫
u2

S2
0

δ0(u−K)pX

(
u

S0

)
du

S0
=

K2

S3
0

pX

(
K

S0

)
.

Note the factor K2/S3
0 , which comes from the change of variable inside the Dirac mass.

(g) lnX ∼ N
(
(r − σ2

2 )T, σ2T
)
, so pX(x) = n(z)

xσ
√
T
with z =

lnx−(r−σ2

2
)T

σ
√
T

. At x = K/S0, z = −d2

and Γ = e−rT K n(d2)

S2
0σ

√
T
. Since S0n(d1) = Ke−rTn(d2), Γ = n(d1)

S0σ
√
T
.

(h) Γ is proportional to the density of ST at the strike: the convexity of the payo� is concentrated
at its kink ST = K. The hedge ratio changes fast when the underlying is likely to end close to the
strike; as the maturity approaches, the density concentrates and the Gamma of an at-the-money option
explodes.
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